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NOMENCLATURE 
A ........ Original cross-sectional area of tensile test specimen. 
A' ....... Actual cross-sectional area of tensile 
test specimen. 
Ai-Di ..... 
Simplified Peel Analysis (SPA) differential equation solution 
c o&flcients. 
A2-C2 ..... Simplified Shear Analysis (SSA) differential equation solution 
coefficients. 
A3-C3 ..... Hart-Smith's analysis differential equation solution coefficients. 
a, b ..... .. Real and Imaginary terms in complex conjugate roots of second- 
ary auxiliary equation used in derivation of the GEA. 
bl-b4 ..... 
Constants used In derivation of SPA. 
crci ...... General Elastic Analysis (GEA) shear stress differential equation solution coefficients. 
dl-d6 ..... 
General Elastic Analysis (GEA) transverse stress differential equ- 
ation solution coefficients. 
D1,2 ...... Adherend 
bending rigidity. 
Ea ....... Adhesive elastic Young's modulus. 
Es ....... Adhesive 
Secant modulus. 
Ep ....... Adhesive or adherend plastic modulus. 
E1,2 ...... Adherend elastic Young's modulus. 
e ........ Neutral axis offset caused 
by adherend loading in Full Non-linear 
Analysis (FNLA). 
Ga ....... Adhesive shear modulus. 
h' ....... Distance 
between neutral axes of upper and lower adherends, 
used in NLAA and FNLA. 
hl, 2 ...... Adherend thickness. 
11,2 ....... Adherend second moment of area per unit width. 
K ........ Adherend curvature used 
in FNLA. 
K1-K4 ..... Differential equation constants used 
in the General Elastic Ana- 
lysis. 
K5,6 ...... Differential equation constants used 
in the simplified analyses. 
K7 
....... 
Differential equation constant used in Hart-Smith's single-lap joint 
analysis. 
kb ....... Bending stiffness parameter used by Hart-Smith to allow 
for the 
change in stiffness noted with filamentary composite 
adherends. 
L ........ Overlap 
length. 
M ....... Adherend 
bending moment loading per unit width. 
mi ....... 
First root of auxiliary equation of General Elastic Analysis. 
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nl, 2 ...... 
Second and third roots of auxiliary equation of General Elastic 
Analysis. 
P ........ Load in tensile test specimens. 
Ri-Re ..... 
Constants used in the derivation of the Simplified Peel Analysis. 
r ........ 
Ratio of plastic and elastic adherend moduli used in FNLA. 
s ........ 
Ratio of adhesive compressive to tensile yield stress. 
s, s' ...... 
Co-ordinate systems used by Hart-Smith. 
T ........ 
Adherend tension loading per unit width. 
t ........ 
Adhesive layer thickness. 
121,2 ...... Longitudinal adherend displacement. 
V ........ 
Adherend shear force loading per unit width. 
W, 2 ...... Transverse adherend displacement. 
x ........ Longitudinal co-ordinate. 
Y ........ Yielded length of overlap used in 
Critical Factor Analysis (CFA). 
y ........ Transverse co-ordinate. 
Yn ....... General vertical 
distance from adherend neutral axis to position of 
interest. 
z ........ Bonded joint width co-ordinate and elastic semi-depth used 
in the 
FNLA. 
al, 2 ...... 
Shear compliance factors use in the SSA. 
ß1.2 ...... 
Peel compliance factors used in the SPA. 
eL ....... 
Lateral strain in tensile test specimen. 
en ....... 
General non-linear adherend strain value used in FNLA. 
CT ....... tensile strain 
In tensile test specimen. 
¬X, y, Z ...... Adherend and adhesive 
longitudinal x-, transverse y- and z-direc- 
tion direct strains. 
ZU ....... Equivalent strain. 
eequ ...... Adhesive equivalent strain. 
el ....... Adhesive maximum principal strain. 
yffm ...... Adhesive maximum shear strain used 
in CFA. 
7XY ....... Adherend 
longitudinal xy-direction shear strain. 
4U1,2,3 ..... 
Roots of secondary auxiliary equation used in the derivation of 
the GEA. 
va ....... Adhesive 
Poisson's ratio. 
Vp1.2 ...... Adherend plastic 
Poisson's ratio. 
vl, 2 ...... Adherend 
Poisson's ratio. 
a ........ Axial stress 
in tensile test piece. 
off ....... Von Mises effective stress, also used for modified von 
Mises effec- 
tive stress. 
ac ....... Compressive adhesive yield stress. 
Nomenclature 
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oM, v ...... 
Adhesive peak peel stress components caused by bending 
moment (M) and shear force (V) loading compo- 
nents. 
an ...... . 
General non-linear adherend stress value used in FNLA. 
QT ....... 
Tensile adhesive yield stress. 
au ....... Adhesive uniaxial stress. 
ax, y, z ...... Adherend and adhesive longitudinal x-, transverse y- and z-di- rection direct stress. 
ay ....... Adherend and adhesive yield stress. 
0l, 2 ...... Upper and lower surface stresses used In the FNLA. 
TM, T, V ..... 
Adhesive peak shear stress components caused by bending 
moment (M), tension (T) and shear force (V) loading 
components. 
Tmax ...... Maximum adhesive shear stress used in CFA. 
Txy ....... 
Adherend and adhesive longitudinal xy-direction shear stress. 
11,12,21,22 ... 
Subscripts applied to adherend bending moment (M), ten- 
sion (T) and shear force (V) loading components sig- 
nifying adherend number and position on overlap 
respectively. 
1x, 2x ...... Subscripts applied to loading values in upper and lower adher- 
ends defining general position values. 
M-1, M-2, M-3 ... Subscripts used in 
SPA and SSA defining bending mo- 
ment loading and support condition number. 
T-1, T-2, T-3 .... Subscripts used 
in SPA and SSA defining tension loading 
and support condition number. 
V 1, v-2, v-3 ... 
Subscripts used in SPA and SSA defining shear force load- 
ing and support condition number. 
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SUMMARY 
This thesis details the work carried out under two research projects at the University 
of Surrey. The first project titled The Design of Structural Adhesive Joints', was of 
three years duration from September 1985 to August 1988 and was sponsored by 
the Science and Engineering Research Council. The second project, sponsored by 
Ford UK Ltd, and tided 'A General Joint Analysis Facility extended certain aspects 
of the analysis work initiated In the first period of research. 
The objective of the work was to address the problem of integrating structural 
adhesives Into the design process and to provide procedures that would facilitate 
this integration in a quantitative, rather than the more usual qualitative way. To be 
effective, such an approach needed to consider not only a means of analyzing a 
proposed joint but also a way of predicting the actual failure of that joint. 
An extensive literature survey of analyses available to the design engineer has been 
completed. The analyses investigated were found to be lacking in several critical 
respects, and as part of this research, methods of analysis overcoming some of 
these limitations have been developed. The analyses produced are based on earlier 
approaches but extended and modified as appropriate. The work on all the analyses 
produced has been carried out by considering a simple adherend-adhesive sand- 
wich configuration. 
Five different analyses, considering the sandwich to be modelled with differing 
degrees of complexity, have been produced. In all of the analyses the adherends 
are assumed to behave as cylindrically bent plates capable of sustaining both tensile 
and shear forces and bending moments, with the adhesive transmitting both tensile 
and/or shear loads. 
Initially an elastic solution was obtained, adopting a relatively simple approach. This 
enabled the subsequent enhancement of including non-linear material behaviour to 
utilize the same governing equations, thus maintaining consistentcy. The General 
Elastic Analysis (GEA) has been extensively simplified to produce a number of two 
parameter design formulae suitable for use by an engineer at an early stage in the 
design process. The two analyses produced by this simplification are called the 
Simplified Peel Analysis (SPA) and the Simplified Shear Analysis (SSA), so called 
because they consider the named component of stress in the adhesive layer only. 
The GEA was then extended to include non-linear material properties in the adhesive 
layer, and an analysis called the Non-linear Adhesive Analysis (NLAA) was produced. 
A programme of validation using the NLAA and a non-linear finite element analysis 
of similar joint configurations was carried out. Additional comparisons with existing 
analyses have also been undertaken where possible. The NLAA has been shown to 
produce extremely accurate results for the stresses in the adhesive layer when 
compared with the component stresses predicted by the finite element method 
(FEM). 
The NLAA has been used successfully to determine the spread of yield in a single-lap 
joint, giving dose agreement with results from analysis using the FEM, but with much 
reduced computer and operator time. 
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The final stage of the work was concerned with the Inclusion of non-linear adherend 
material properties, and an analysis called the Full Non-linear Analysis (FNLA) has 
been produced which Incorporates this refinement to the general model. Again the 
finite element method has been used to assess the accuracy of this new analysis, 
and the results from this work are presented here. Derivations of both forms of the 
elastic analysis and of the non-linear and full non-linear analyses are reported in 
Chapters 4 and 5 and the software appropriate to each Is described fully. 
The Initial survey of available literature has shown that there Is considerable lack of 
knowledge about possible causes of joint failure. Specifically, It Is noted that a 
criterion by which joint failure can be measured has not been uniquely defined. In 
an attempt to provide a criterion or criteria to enable the prediction of joint failure a 
'Failure Criteria' test and analysis programme has been completed. Joint configu- 
rations were manufactured using a range of adhesives with different levels of 
ductility, and adherends of different stiffnesses. Batches of these test coupons were 
tested to failure under both predominantly mode I and mode 11 types of loading. 
Both FEM and FNLA analyses of each test configuration have been carried out, and 
the stress and strain distributions at the levels of failure load were established for 
each batch and studied to establish any correlation between various proposed 
failure criteria. Close agreement between certain factors and the equivalent bulk 
material properties was noted for test batches. 
The applicability of various failure criteria for both the mode I and mode II test 
configurations and possible general criteria are discussed. The failure of the mode I 
test configurations has been shown to be governed by the local level of maximum 
principal stress at the end of the overlap. The mode II test configurations also show 
dose agreement in terms of the maximum principal stress, but agreement with bulk 
data Is poor. Therefore, a further failure criterion is proposed for the mode II joints 
in terms of the 'global yielding' of the adhesive layer. The bulk property testing of 
the adherend and adhesive materials to establish their physical properties for use 
in the finite element analysis of the test programme Is also fully documented. 
Summary 
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1. INTRODUCTION 
1.1 The Current Approach to Adhesive Joint Design 
The problem of analyzing bonded joints Is a complex one. To be of practical use to 
a design engineer, an analysis should enable the accurate prediction of the state of 
deformation present In an adhesive joint under prescribed loading conditions. The 
single-lap joint shown In Figure 1 is one of the most common forms of joint, however, 
the state of stress found in the bond-line of even this simple joint is complicated. 
The offset loading in the joint generates a bending moment and the joint is caused 
to rotate in the direction of this moment. This is shown diagrammatically in Figure 2. 
The adhesive layer will no longer be loaded purely In shear but will be subjected to 
transverse or peeling stresses at the ends of the overlap region. The adherend 
loading will also become more complicated with bending being Introduced into the 
formulation. It is often noted that even after the joint has failed the adherends remain 
bent. This implies that the adherends as well as the adhesive may often become 
plastic, particularly in the highly stressed regions at the ends of the overlap. 
I--- 
Figure 1. The single-lap joint. 
To adequately predict the stresses and strains In a 'simple' lap joint therefore, we 
need to include adherend bending, consider adhesive transverse as well as shear 
stresses and also Include non-linear material properties in both the adherends as 
well as the adhesive. A knowledge of the full stress state In a bonded joint is only of 
significant use if a valid failure criterion or criteria can first be assumed. It Is only 
when this is established that the calculated stress and strain data can be used for 
the primary design function - the successful prediction of the failure strength of 
adhesive joints. 
Figure 2. Bending induced in a single-lap joint under tensile loading. 
Adhesives have found only limited use in nearly every industry except aerospace for 
various reasons, not least of which has been the lack of any general analysis facility 
to aid in the strength prediction of an assembled joint. There are four basic 
approaches currently being applied to the problem of adhesive joint design. They 
are: 
(a) a qualitative approach, which seeks to exclude the destructive effects of 
peeling stresses in the joint by attempting to eliminate them by improved 
design. This can be achieved in various ways: by adding stiffening layers 
Chapter 1 Introduction 
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to the joint; by chamfering or cutting away adherend ends to locally re- 
duce stiffness, thus increasing relative deflection in the adherends; or with 
the aid of careful design it is sometimes possible to arrange for the load 
transfer through the joint to be applied in a largely compressive mode 
rather than a tensile one, which is favourable for most adhesive formula- 
tions. 
(b) an average stress approach, in which the total load supported over the 
bonded surface is expressed as an average stress. This is achieved by 
dividing the applied load by the surface area over which it acts. This aver- 
age stress value is then used for joint design. 
(c) a micro-computer approach which allows the engineer to use various estab- 
lished analyses to provide stress information for a given joint configuration. 
(d) Finally, a finite element approach which enables the complete modelling of 
the bonded joint with the inclusion of both geometric and material non-li- 
nearities. This method also allows the effects of any geometric complex- 
ities, such as the adhesive spew fillet, to be modelled. 
1.2 Limitations of the Current Approach 
The methods of analysis currently available, and outlined in Section 1.1, are lacking 
in certain important respects. Their limitations have often meant that adhesives have 
either been ignored as a possible method of joining structures or, when used have 
suffered from bad design. 
The qualitative method of design which seeks to exclude all peel stresses from a 
bonded joint, although a good idea in principle, is difficult to achieve in practice, and 
often leads to complex and expensive joint structures of over-conservative design. 
This type of design approach, with the incorporation of extra local stiffening layers, 
may not take full advantage of the weight-saving capabilities of bonded joints. 
The use of an averaged stress has several inherent limitations. The predicted stress 
field is usually assumed to be constant throughout the adhesive. This is Incorrect 
except where the adherends can be assumed to be rigid. In assuming a constant 
stress level in the joint the stress peaks which are usually present at the ends of the 
overlap will be neglected. This will lead to an underestimate of the level of stress with 
a related overestimate of joint strength. For example, in the case of a single-lap joint, 
if a constant shear stress can be assumed to act over the whole bonded surface, 
then not only is the peaking of the shear stress neglected but also no account is 
taken of the peel stresses in the region of the overlap ends, which are a significant 
contributory factor in joint failure. 
The various available computer analysis packages allow the user to input adhesive 
joint data and then calculate stress distributions in the adhesive layer. These 
packages suffer from a common limitation in that they are'joint specific'. If different 
types of joint are to be considered, then separate analysis Implementations are 
required. Another problem with most analyses is that they consider only elastic 
material properties and cannot, therefore, be effectively used to carry out work where 
joint strength predictions are required. It can be argued that the finite element 
method (FEM), which can consider non-linear material and geometric effects, is 
expensive, time consuming and requires large computing resources as well as a 
certain amount of expertise. As such it is not readily accessible to, and has not found 
favour with, all design engineers. The FEM, because of the time required to construct 
and analyze different models, is also not well-suited to carrying out parametric 
studies. 
Chapter 1 Introduction 
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Finally, a limitation common to all the above analysis methods is an inability to use 
the results they produce to accurately predict joint failure loads. The literature survey 
In Section 2.3 will show that despite concerted effort, failure criteria that can be used 
in conjunction with either a closed-form or finite element analysis, have not yet been 
found. Many criteria have been proposed, but while some seem to work for certain 
joint configurations, they do not apply to others. This implies that these criteria are 
of questionable validity, as the mode of failure for a well prepared joint is generally 
the same, In that It occurs within the adhesive layer. 
1.3 Justification and Outline of the Approach Taken 
The points mentioned In Section 1.2 above show the inadequacies in the analysis 
facilities that are currently available to the design engineer. 
Firstly, there are no means readily available enabling an engineer to provide a 
preliminary assessment of the elastic stresses in a bonded joint, other than the 
average stress method, which is inherently inaccurate. It would therefore be advant- 
ageous to include an option, such as simple peak stress design formulae, in a 
comprehensive adhesive joint design facility. 
Secondly, due to the joint specific nature of the packages that are available, there 
is a requirement for a general-purpose package, which is capable of considering 
different joint configurations under complex load conditions. 
The final requirement, and the most important, is an analysis facility that is capable 
of considering full non-linear material properties. This facility should be quick and 
easy to use and produce accurate stress and strain information for both the 
adherends and adhesive layer of a general bonded joint. The FEM, while providing 
the necessary information, is not readily available and is time consuming in oper- 
ation. 
The problem of addressing bonded joint failure in a quantitative way is a complex 
one. Joints of different configurations have been shown to fail at different points in 
the joint. These positions include sites at the ends of the overlap or in the spew fillet 
in the adhesive layer. Failure can also occur at positions in the adherends, where 
their maximum strength has been reached in tension, or in the case of composites, 
where the value of inter-laminar stress between the filaments has exceeded the 
strength of the matrix material. Another failure site which has been shown ex- 
perimentally and studied theoretically is at the adhesive-adherend interface. By 
carefully choosing the adherend material, preparing the surfaces well, and bonding 
the joints carefully it Is very often possible to make the adhesive the weak link, thus 
restricting failure to the adhesive layer. It should be possible to establish a criterion 
which will be applicable to all joints prepared in this way. 
The literature survey outlined in Section 2.3 considers the many approaches that 
have been taken In establishing possible failure criteria that could be applicable to 
the wide variety of bonded joints in use today. The survey shows that while many 
researchers have provided possible criteria that can be applied to a small number 
of configurations, none have been fully proven quantitatively, and are in the main 
unreliable when applied to alternative joint configurations. While a general criterion 
has proved elusive, there is a distinct need for some form of criteria to be established, 
which when applied to the results from a suitable analysis package, will provide the 
means to predict bonded joint failure loads reasonably accurately. 
Chapter 1 Introduction 
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Considering the points raised above, it was decided to organize the programme of 
research in the following way. 
Firstly, it was decided to produce a general elastic design analysis (GEA), based on 
an adherend-adhesive sandwich approach, assuming the adherends to behave as 
cylindrically bent plates, In a similar way to earlier analyses. In this way, not only the 
analysis of lap joints, but also the analysis of different joint configurations under 
complex load conditions would be possible. The GEA Is derived fully in Section 3.2.2. 
The second priority was defined as establishing a simplified form of the GEA, which 
could be presented as a series of peak stress design formulae. The aim of this section 
of the work, therefore, would be to produce the formulae to enable the quick and 
easy preliminary assessment of peak stresses in a bonded joint. Again the general 
joint configuration should be considered. The equations produced from this analysis 
should be suitable for use by an engineer at an early stage In any design process 
where adhesives may be considered. The simplified analyses are derived In Sections 
3.3 and 3.4. 
The third, and main priority was seen as extending the GEA further to include the 
effects of non-linear material properties in the adhesive layer and ultimately in the 
adherends as well. The analysis would require validation by comparison with the 
FEM and as far as possible with other non-linear analyses. Non-linear analyses 
considering both adhesive only and adherend and adhesive non-linearity are derived 
in Sections 4.3 and 5.2. 
To establish an analysis package which could be used as an aid to the prediction 
of failure loads of bonded joints, a suitable failure criterion, or a series of criteria, 
needed to be established. To this end it was decided to carry out a failure mechanism 
test and analysis programme, in which joints of different configurations would be 
tested to failure and analyzed using the FEM at the measured failure load. Factors 
which could be considered as possible failure criteria would then be evaluated and 
examined, and any correlation between the proposed failure criteria established. To 
enable accurate modelling of the test configurations, bulk property testing of the 
range of adhesives and the aluminium alloy used to manufacture the test coupons 
had to be completed. Full details of the test programme are given in Chapter 6, and 
details of the analysis work undertaken are given in Chapter 7. 
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2. BACKGROUND 
2.1 Introduction 
The background work for this research has taken the form of a detailed literature 
survey of the published work of previous researchers in this field. The survey has 
been split into two distinct sections. 
The first section assesses the contributions of various authors in the field of bonded 
joint analysis. Different aspects of joint analysis have been considered ranging from 
simple dosed form elastic analyses of early researchers, through more sophisti- 
cated non-linearanalyses to the FEM as applied to the design and analysis of bonded 
joints. The analysis section of the literature survey is reported in Section 2.2. 
The second major section of the literature survey addresses the problem of joint 
failure. Many modes of failure have been observed and proposed: catastrophic 
crack propagations; rupture of the adhesive layer at an ultimate stress, strain or 
energy, termed an ultimate parameter approach; creep rupture when the joint is 
subjected to a high level of constant load; adherend-adhesive interface failure 
resulting from inadequate surface preparation; and failure of the adherends, which 
is quite common In joints manufactured from composite materials. Failure due to 
the latter two causes can be largely precluded by using the correct form of surface 
preparation and with careful adherend choice, while creep failures can usually be 
avoided by careful design of the joint situation. A literature survey of currently 
proposed failure criteria considers failure caused, in the main, by the ultimate 
parameter approach. The failure criteria literature survey is fully documented In 
Section 2.3. 
2.2 Literature Survey - Design Analyses 
The following three sections trace the advances that have been made in the field of 
bonded joint design analysis. The approaches that each set of researchers have 
made are outlined, and the contributions they have made are assessed in terms of 
the improvement to the adhesive joint model. 
In Section 2.2.1 elastic analyses are reviewed, ranging from the early elastic analyses 
of the 1930's to the more recent attempts at modelling variations in the shear and 
transverse stresses across the adhesive layer. Analyses which have included some 
degree of material non-linearity In their analysis formulation are reviewed in Sec- 
tion 2.2.2, and finally the latest techniques of finite element analysis, which can 
model both geometric and material non-linearities, are considered in Section 2.2.3. 
2.2.1 Elastic Design Analyses 
The elastic analysis of adhesive joints date as far back as 1938 with the parallel 
adherend'shear-lag' analysis of Volkersen [1 ]. In this analysis Volkersen considered 
the problem of a riveted joint between two metal plates. The rivets were replaced in 
the calculation by assuming them to be represented by an ideal connecting elastic 
interlayer, uniformly spread between the plates and possessing the elastic properties 
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of the rivets. The elastic interlayer was subjected to shear loading caused by the 
differential straining of the adherends, which were subject to longitudinal tension 
loading only. The differential straining effect modelled In this analysis is shown 
diagrammatically in Figure 3. The analysis has been successfully used to describe 
the shear stresses In a rigid lap joint. It Is still In use today, and with the inclusion of 
non-linear adhesive material properties, is used In the analysis of double-lap joints, 
which are themselves more rigid than single-lap joints and are not subject to the 
same amount of bending In the adherends. 
iiiý 
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Figure 3. Elastic adherends considered by Volkersen's analysis (1938). 
The first significant improvement In adhesive joint analysis after Volkersen's analysis 
was made by Goland and Reissner [2J in 1944. Their paper deals with the determi- 
nation of stresses In cemented single-lap joints. The paper Is divided into two parts, 
the first part considers the determination of the loads to be applied to the end of the 
overlap region, and the second considers the determination of the stresses In the 
bond-line due to these applied loads. 
The applied loads are determined by considering the bending deformation of the 
joint as a whole. In this way, Goland and Reissner were able to derive expressions 
for the tension, shear force and moment acting at the end of the overlap region of 
the joint. These expressions were evaluated in terms of a bending moment factor 
which they used to account for joint rotation. The bending moment factor defines 
the fraction of the total moment in a single-lap joint that Is applied as a reactive 
moment at the end of the overlap. The bending moment factor decreases with 
increasing load, the effect of which is to reduce the fraction of the total moment on 
the joint which Is applied to the end of the overlap. Thus, the effect of the geometric 
non-linearity, found with this type of joint, caused by the joint rotation is taken into 
account. 
The stresses in the bond-line, due to the application of the loads discussed above, 
were calculated for the single-lap joint by assuming a similar adherend joint to be 
represented by two cylindrically bent plates. The plates were then assumed to be 
joined by an elastic interlayer. The joint was analyzed using plate bending theory, 
where both bending and stretching of the adherend was modelled. The single-lap 
joint considered by Goland and Reissner, detailing the assumed load path (a-b) and 
the adhesive stress components (ay, Txy), is shown in Figure 4. Solutions were 
obtained by Goland and Reissner for the two limiting cases, in which: 
(I) the bond-line is so thin that its effect on the flexibility of the joint Is neglected, 
(II) the Joint flexibility is mainly due to the cement layer. 
In both cases explicit expressions were obtained for peak shear and direct stresses 
in the adhesive layer. Reissner [3] also produced an analysis of the stress distribu- 
tions in adhesive lap joints between circular tubes in which the adhesive is treated 
as a thin elastic layer, which is much more flexible than the adherends. For this 
reason the analysis Is primarily applicable to the bonding of metal tubes. 
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Figure 4. The single-lap joint according to Goland and Reissner (1944) 
Volkersen [4] Improved on his original analysis in 1965 with a double-lap joint 
analysis which included a normal stress component in the adhesive which was 
variable over the adhesive thickness. Volkersen also presented results of an analysis 
of single-lap type joints subjected to out-of-plane shearing. An example of this type 
of joint being two concentric tubes bonded and subject to a torsion loading. 
in 1973, Hart-Smith [5] presented an analysis of the influence of various factors on 
the strength of adhesive bonded single lap joints. The approach of Goland and 
Relssner [2] was discussed and Hart-Smith noted that the determination of the 
moment applied to the end of the joint was subject to severe restrictions and was 
only strictly applicable to light loads and short overlaps. Goland and Reissner's 
bending moment factor, which governs the size of the reactive moment, was shown 
to approach a non-zero asymptote for a large overlap length. Hart-Smith concludes 
that this is unrealistic as the expected asymptote should be zero. The reason for this 
discrepancy, which has the effect of making Goland and Reissner's analysis over 
conservative in its peak stress predictions, is that they assume a linear bending 
stress distribution across the end of the overlap. This clearly cannot be the case 
because the unloaded adherend will have a zero stress distribution across its 
thickness. Hart-Smith takes this fact Into account and derives an improved bending 
moment factor. Hart-Smith also made general improvements to the adhesive single- 
lap joint model by including the possible stiffness imbalance between different 
adherends and considering the influence of laminated filamentary composite adher- 
ends. During the same period of research Hart-Smith also produced reports in which 
a series of different joint configurations were analyzed, Including the symmetric or 
double-lap joint [6] and the scarf- and stepped-lap joints [7]. 
Renton and Vinson [8,9] produced an analysis with the combined capabilities of the 
above flexible analyses, but in addition it was capable of modelling single-lap and 
symmetric lap joints with dissimilar anisotropic adherends and it possessed the 
additional advantage of being able to model a stress-free state at the end of the 
adhesive in the overlap region. This zero shear stress state is known to exist for a 
square ended joint, because with no shear stress on the surface, and by the 
complimentary stress law, the shear stress at the end of the overlap must also be 
zero. The effect Is modelled by considering the equilibrium of the adhesive separ- 
ately, as is shown in Figure 5, enabling a zero shear stress boundary condition at 
the free surface to be used. The initial variation in both shear and peel stress across 
the thickness is simplified, in that the variation across the layer is assumed small 
compared to that in the orthotropic adherends. Renton and Vinson's results were 
compared with those of Goland and Reissner [2], where it was noted that the effect 
of the assumptions made by Renton and Vinson in deriving their analysis was to 
reduce the transverse and shear stress peaks in the adhesive layer. The latter has 
Chapter 2 Background 
The Design of Structural Adhesive Joints 
S 
t 
M, 
}- T1 " I V1 ADHEREND1 
ý11 sXrU 
aYu 
-1-1 
TxYu 
ADHESIVE 
sXYL 11 
QYL 
-1-1 
ADHEREND 2 
ixYL 
Page 11 
M2 
T2 -ýI -ý} 'V2 
Figure 5. The single-lap joint model according to Renton and Vinson (1975). 
its reduced peak shifted inboard to accommodate the zero shear stress boundary 
condition at the adhesive terminus. 
Renton and Vinson's completed analysis was used to study the influence of various 
parameters on both the adhesive and adherend stress distributions of a single-lap 
joint. The results indicate that the three parameters most influential In the optimiza- 
tion of joint design are as follows: 
(i) the primary Young's modulus of the adherend, which for a high value of mo- 
dulus has the effect of producing a more uniform shear stress distribution. 
Renton and Vinson conclude that, where possible, similar adherends 
should be bonded. This avoids the skewing of the peak adhesive shear 
and peel stress distributions and the related shear and moment distribu- 
tions in the adherends which can lead to early failure. 
(ii) the overlap length, when increased has the effect of reducing the peak 
shear and peel stress values present in a joint. Renton and Vinson con- 
dude that an overlap length of approximately ten times the thinner adher- 
end thickness should be used to produce a reasonably uniform shear 
stress distribution without causing failure in composite adherends. 
(iii) the adhesive material properties are shown to have a considerable effect on 
the stresses within the overlap, with low values of adhesive stiffness perfor- 
ming best. 
Grant and Talg [10] In 1976 investigated various analytical techniques for determin- 
ing the distributions of adhesive stresses in bonded joints of different configurations. 
They showed the shear-lag technique of Volkersen [111 to be adequate for predicting 
the shear stresses in double-lap joints but concluded that the presence of transverse 
joint deformations In single-lap joints necessitated the development of a more 
general analysis technique. They produced a general stepped-lap joint analysis, with 
each step simplified to a general adhesive-adherend sandwich and subjected to 
general loading at both ends of both adherends. The FEM was used to validate this 
analysis. 
An improvement in the way the adhesive layer In the single-lap joint was modelled 
came In a paper by Allman [11], in which the stress distributions in a joint were 
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expressed in terms of stress functions, the forms of which were determined by 
minimizing the strain energy of the joint. The stress functions allow all the equations 
of joint equilibrium and stress boundary conditions to be satisfied. These boundary 
conditions include the stress-free surface at the end of the adhesive overlap and 
also a linear variation in transverse stress across the adhesive thickness. The 
adhesive shear stress is, however, assumed to be constant across the adhesive 
thickness. 
As with the analysis of Renton and Vinson [8,9] the theory of Allman yields an almost 
Identical level of average shear stress along the joint as Goland and Reissner except 
for an exponential decay In the region of the ends of the adhesive layer, where a 
zero value Is correctly predicted. In modelling the zero shear stress at the adhesive 
terminus the peak shear stress Is shifted Inboard and appreciably reduced. This 
effect is not noted to the same degree with finite element analysis, where the length 
of overlap over which the stress decays Is shown to be very localized to the adhesive 
terminus. 
Ojalvo and Eldinoff [12] extended the approach of Goland and Reissner [2] in their 
analysis of the single-lap joint by considering both a linear variation In shear and 
transverse stress across the adhesive layer. This is accomplished by using a more 
complete shear strain displacement equation, which has the effect of modifying the 
differential equations governing the shear and transverse stresses. A reasonable 
variation of shear stress across the bond-line layer Is predicted by this theory, -and 
this fact has since been borne out by finite element analysis. The stress-free surface 
modelled by Renton and Vinson [8,9] and AlIman [11] is not modelled here. 
A discussion of Ojalvo and Eldinoff's paper was published by Carpenter [13] which 
claimed that both Goland and Reissner and Ojalvo and Eidinoff made arbitrary 
decisions as to which equations to combine when deriving the differential equations 
for the stresses in the adhesive layer. Carpenter includes derivations of adhesive 
stress differential equations which simplify to both Goland and Reissner's and Ojalvo 
and Eidinoff's equations respectively upon selection of appropriate values of 'arbi- 
trary' coefficients. 
2.2.2 Non-Unear Design Analyses 
The inclusion of material non-linearity into the formulation of the bonded joint 
problem has the effect of greatly reducing the level of stresses in a joint predicted 
by elastic analysis, while at the same time increasing the predicted level of strain. 
This will be discussed in more detail in Section 4.7. 
Dickson, Hsu and McKinney [14] were probablythe first researchers to take material 
non-linearity into account in their analyses of single- and double-lap joints. Their 
approach was to split the overlap region of the joint into elastic and plastic zones, 
which were then analyzed separately. A two-stage elastic-perfectly plastic effective 
stress-strain curve was used. The effective stress inside the plastic zones, calculated 
using a von Mises criterion, was assumed constant and equal to the maximum stress 
obtained from a uniaxial stress-strain curve. The stress-strain behaviour of the 
adhesive between the plastic zones was assumed to be linear and elastic. The length 
of the plastic zones was found using an iterative process, which is shown diagram- 
matically in Figure 6. An elastic solution was performed and peel and shear stresses 
were calculated at points along the overlap. The initial lengths of the plastic zones 
were then selected so that the effective stresses were below the maximum stress 
level at all points between the two zones. 
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Figure S. Schematic of the non-linear analysis of Dickson, Hsu and 
McKinney (1972). 
After the length of the plastic zones was established, the shear and normal stresses 
within the zones were reduced in proportion, so that the resulting effective stress 
there was equal to its maximum value. The elastic analysis was then repeated for 
the central unyielded section of the joint with new boundary conditions. The new 
boundary conditions were calculated using the difference between the original 
conditions and the relevant integrals of the stresses over the plastic zone lengths. 
This process was then repeated until the plastic zone length remained constant for 
subsequent iterations. The theoretical development of a rigourous non-linear ana- 
lysis procedure for bonded joints was also presented. However, this method was 
unfortunately not carried beyond the exploratory stage. 
At about the same time Grimes et al [15] began to take material non-linearity into 
account in their formulations of several types of adhesive joint problems. The aim 
of their work was to produce a fully non-linear analysis, taking material non-linearity 
in both the adhesive and the adherends into account. The analysis method they 
proposed was extremely complex and appears not to have been successfully 
implemented. The reason for this, according to Hart-Smith, was due to the combi- 
nation of a mathematical model for the adhesive which was too precise, and an 
analysis which was too complicated. 
Hart-Smith [5] successfully took material non-linearity into account on a simple level. 
He did this by including a limited amount of adhesive plasticity in the longitudinal 
shear direction by considering the adhesive shear stress-strain curve to be elastic- 
perfectly plastic, much as Dickson, Hsu and McKinney [14] had done previously. 
Hart-Smith's analysis, however, did not include an effective stress in the formulation 
and assumed the peel stress to remain elastic, preferring to eliminate any destructive 
peeling stresses with careful design. The analysis of Hart-Smith is discussed in more 
detail in Section 4.2.2. 
Grant and Taig [10] in 1976 developed a numerical technique for the incorporation 
of adhesive material non-linearity into Volkersen's parallel adherend shear-lag 
analysis [1]. This method, however, ignores the peel stresses set up due to the 
bending of the adherends and is therefore only applicable to symmetric or double- 
lap joints. The analysis uses a more realistic model of the stress-strain curve than 
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most of the analyses discussed above. It uses a model consisting of a linear portion 
with a reciprocal curve modelling the plastic region from yield up to a horizontal 
asymptote at a specified maximum stress. The analysis of Grant and Taig Is 
discussed In more detail In Section 4.2.1. 
Delale at al [16] Introduced two possible methods for solving the bonded joint 
problem considering adhesive material non-linearity. In the first method a strain 
energy function is used to define the constitutive equations for the adhesive, and in 
the second method a non-linear elastic assumption for the adhesive is made. The 
solutions are, however, not Implemented. 
2.2.3 Finite Element Analysis of Bonded Joints 
With the advent of increased computing power over the last decade, another method 
of analyzing adhesive joints has become increasingly more important, namely the 
finite element method (FEM). While still time consuming in implementation the FEM 
enables the researcher to model the joint with more accuracy and therefore to 
analyze factors previously impossible to incorporate using a dosed-form type of 
analysis. 
Among the first to use the FEM to analyze bonded joints were Wooley and Carver 
[17] In 1971. They carried out a parametric study, Investigating the effects of 
adhesive modulus and thickness and joint overlap length. They obtained good 
agreement with closed-form analyses despite having made no attempt to refine the 
mesh at the ends of the overlap where the peak stresses are normally expected. 
In 1972 Harrison and Harrison [18] used the FEM In a study of adhesive joints with 
rigid adherends. By assuming that the adherend surfaces were parallel they showed 
that the stress fields In the central region of a joint overlap are uniform. They also 
showed that if the adhesive layer shrinks due to the curing process, or If the load is 
applied In a direction normal to the adhesive layer, there are concentrations of shear 
stress at the interfaces near the ends of the joint. In a joint subject to an applied 
shear stress, such as a single-lap joint, there is a concentration of tensile stresses 
In the adhesive near Its free surfaces, and the stresses in this region rise to several 
times the mean applied stress. 
Wang et al 1191 also used the FEM to carry out a parametric investigation of a lap 
joint. They used refinement of the mesh around the end of the overlap to improve 
the accuracy of the model. They also included a small triangular spew fillet over the 
depth of the adhesive layer. Their research showed the variation in stresses that can 
occur over the adhesive thickness. 
Adams and Peppiatt [201 M 1974 carried out an extensive linear elastic analysis of 
single and double-lap joints using the FEM. Unlike previous analyses, which had 
assumed the adhesive to have a square edge or a spew fillet limited to the adhesive 
thickness, they included the adhesive spew as a triangular fillet over the depth of the 
adhesive and various sizes over the depth of the adherend. They carried out 
comparisons of results from a finite element model with no spew fillet and various 
dosed form analyses, including Volkersen and Goland and Reissner and showed 
good agreement. They also then carried out finite element analyses for joints with 
different sizes of Met and demonstrated the significant stress reducing effect of the 
fillet. 
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Non-linear geometric effects, when applied to the single-lap joint, were examined 
by Cooper and Sawyer 121 ] in 1979. They compared the results from a linear elastic 
finite element analysis with those obtained from a non-linear elastic analysis. The 
results established that the consideration of the geometrically non-linear behaviour 
of the joint had a considerable effect on the stresses in the adhesive layer. Cooper 
and Sawyer concluded, however, that the analysis of Goland and Reissner [2] was 
sufficiently accurate in It's prediction of stresses along the mid-surface of the 
adhesive bond to be used for qualitative evaluation of the influence of geometric or 
material parametric variations. 
Carpenter [22] developed a special finite element to model the adhesive of a lap 
joint. He based the element on the assumptions made by Goland and Reissner [2] 
and Ojalvo and Eidinoff [12], and his element gives results which compare well with both of these analyses. It is interesting to note that this element has not been widely 
accepted for use in analyzing bonded joints, other researchers preferring to use 
more general high order elements which do not restrict analysis of the joint by using 
the assumptions made in early dosed form analyses. 
The major advantage of the FEM over dosed form analyses is its ability to model the joints in greater detail. The Influence of parameters such as the spew fillet and 
the variation of stress over the thickness of the adhesive layer can therefore be 
modelled more readily. Crocombe and Adams [23] used this fact In a detailed study 
of the single-lap joint, In which they examined the role of the fillet for a wide range 
of joints. They also investigated the stress variation across the adhesive layer and 
concluded that, while essentially uniform over a large part of the overlap length, the 
stress variation near the overlap end can be high. They point out that although these 
higher stresses would lead to assumptions of lower strengths than predicted by 
considering average stress levels in the joint, the effect of including the spew fillet is 
to reduce the peak shear and transverse stresses to considerably lower levels than 
corresponding peak values predicted by dosed form analyses of square ended 
joints. 
Another advantage of the FEM is its ability to model non-linearities in the bonded 
joint. Loss and Kedward [24] Investigated the effect of including these material 
non-linearities in the joint formulation. They compared their results with closed form 
analyses and with the numerical techniques of Hart-Smith [5] and found good 
agreement. They also investigated the effects of using different adhesive stress 
states, including uniaxial, biaxial and triaxial, and enforcing a zero shear stress at 
the overlap ends. 
Dattaguru et al [25] in 1984, investigated the effect of including geometric non-li- 
nearity in a study of the mechanics of cohesive failure in typical lap joints. They 
carried out analysis of cracked lap shear specimens and concluded that inclusion 
of non-linear effects due to large joint rotations significantly affect the calculated 
strain energy release rates. 
Adams [26) in his review of the finite element approach to the stress analysis of bonded joints considered not only the theory behind the method but included 
various case studies which compared the effect of variations of different parameters in the analysis, such as: 
(I) the use of eight-noded quadratic or six-noded triangular finite elements, for 
which he showed there was very close agreement, 
(ii) the incorporation of linear or non-linear material and geometric properties. 
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More recently Crocombe and Adams [27,28] used a combination of non-linear 
material properties and geometric non-linearity in a detailed investigation of the 
failure mechanisms of the peel test. They considered both cracked and non-cracked 
specimens, the crack being introduced to model continuous failure, with the non- 
cracked specimen modelling initial failure. They concluded that initial failure is 
caused by the adhesive principal stresses driving a crack towards the interface with 
the flexible adherend. A failure criterion based on maximum adhesive strain was 
used to predict the relative strengths of the peel tests. 
The ability to examine fine detail with the FEM was demonstrated well by Crocombe 
and Evans [29] in their study of the effect on joint strength of bonding aluminium 
alloy adherends with a thin cladding layer of pure aluminium on their surface. The 
gadding layer, which is typically less than 0.1 mm thick, is applied to the alloy for 
environmental protection purposes. They showed that the cladding layer affects the 
strength of a bonded joint adversely, but by orgy a small amount. Further, by 
examining the extent of yielding present in the loaded joint they were able to 
ascertain that the cladding layer yields at relatively low levels of load and this has 
the effect of Initiating yield slightly earlier in the adhesive layer in those joints. As the 
applied load was increased the yielded regions ofthe adhesive In the clad and unclad 
joints grew at similar rates, the point when the adhesive layer was fully yielded 
comparing well with the point when the full failure load of the tested joints was 
applied. The main difference between the extent of the yielded regions in the clad 
and unclad joints was the amount of the fillet that had yielded. In the clad joint the 
larger deformation on the adherend surface was shown to cause relatively more of 
the fillet to yield, and therefore cause a slight decrease In the strength of the joint. 
2.3 Literature Survey - Joint Failure 
The final section of the literature survey describes the work carried out on the 
evaluation of possible failure criteria that could be applied to bonded joints to aid in 
the prediction of failure loads. In order to predict the failure load of a bonded joint it 
is necessary, not only to be able to accurately describe stress and strain distributions 
throughout the joint, but also to establish some failure criterion or criteria based on 
this Information. In relatively recent years, researchers have turned their thoughts 
to proposing criteria to enable failure to be quantified. 
Greenwood et al [30] In 1969 proposed that failure in lap joints occurs when the 
maximum shear stress in the adhesive layer attains the same value as the shear 
strength of the adhesive. This proposal was further supported with experimental 
work carried out on both a rigid thermo-setting adhesive and a flexible elastomeric 
adhesive. Subsequent researchers [26,31,32] have shown that this criterion cannot 
be generally applied. They have demonstrated that, when non-linear adhesive 
behaviour Is considered, the stress concentrations in the joint, predicted by elastic 
analysis, are greatly reduced, and joints under shear loading do not fracture as soon 
as the load corresponding to their shear strength is reached. 
The concept of connecting design analyses with joint failure was extended by 
Hart-Smith (5], who proposed three failure modes for the single-lap joint: 
(I) failure of the adherend just outside the joint due to in-plane stresses result- 
ing from direct load and bending stresses; 
(ii) failure of the adhesive layer in shear; 
(iii) failure associated with adhesive transverse or peel stresses, which mani- 
fests itself in two ways. For metal adherends which have not failed, joint 
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collapse is associated with adhesive peel failure. For composite adher- 
ends, where the inter-laminar tensile strength is much less than the peel 
strength of a good adhesive, failure of the joint is associated with debond- 
Ing between the laminae at the ends of the joint overlap. 
Hart-Smith uses a criterion of maximum shear strain to predict failure in his analysis. 
The bi-linear elastic-plastic model he uses for the adhesive shear stress-strain curve 
is selected to produce an area under the curve, which is equal to the strain energy 
at failure of the adhesive. 
Oplinger [33] In 1975 produced a very full review of adhesively and mechanically 
fastened composite bonded joints. The review compares and analyzes several 
analytical and finite element models of bonded joints, and the approaches to failure 
prediction are discussed. He concludes that transverse shear deformations, trans- 
verse normal strain temperature effects, non-linear adherend and adhesive beha- 
viour, viscoelastic adhesive behaviour and fracture mechanisms need to be included 
in modelling a bonded joint of any configuration if failure is to be successfully 
predicted. 
Using the FEM, discussed in the last section, Adams at al [32] have predicted failure 
loads for various configurations of double-lap joint which agree well with the failure 
loads of actual joints. Taking the spew fillet Into account they have shown that the 
highest stresses in the adhesive occur close to the comer of the outer adherends 
and propose that it Is these tensile stresses that initiate failure of the joint. A maximum 
stress criteria was shown to predict reasonable failure loads for a brittle adhesive, 
but it was necessary to Include non-linear adhesive material properties to predict 
the failure load of a more plasticized adhesive. 
A similar approach was applied to the single-lap configuration as reported by Harris 
and Adams [34]. A large-displacement, non41nearfinite element program was used 
to predict both the mode of failure and the failure load of single-lap joints made from 
different aluminium alloys and bonded with various epoxy adhesives. Harris and 
Adams found that failure criteria based on the uniaxial tensile properties of the 
adhesive were suitable and gave fair correlation between predicted failure loads and 
actual failure. 
It was noted that for the one glue-line thickness considered, it was necessary to use 
two criteria: a maximum principal stress criterion appeared to be appropriate for the 
untoughened adhesives; with a maximum principal strain criterion being used for 
the toughened adhesives. It was also reported that it was possible to predict the 
mode of failure by checking the values of these critical factors at relevant points at 
the end of the adhesive overlap and In the region of the adhesive fillet. The strength 
of the adherends was shown to play a large part in the prediction of the failure load 
for the joint, with some adherends forming a plastic hinge outside the overlap, thus 
reducing the effective moment applied to the joint. This also has the effect of 
increasing the relative stress levels in the spew away from the overlap region, thus 
increasing the probability of failure originating from that point. 
Adams et al [35] in a later paper considered the failure properties of composite 
adherends. They combined a detailed non-linear analysis of the stress state in the 
joint with the measured properties of the materials forming the joint to predict 
quantitative failure strengths. Reasonable correlation between theory and practice 
was noted. 
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Due to the difficulty in defining absolute failure criteria even with a full knowledge of 
the stress and strain distributions in the adhesive, some researchers, including 
Kinioch and Shaw [36], have proposed that fracture mechanics might prove useful 
in providing a criterion applicable to the general case. Essentially fracture mechanics 
Is the study of the strength of a structure which contains a flaw. There are two main 
factors on which the conditions for fracture are assessed. The energy criterion which 
proposes that fracture occurs when sufficient energy Is released from a stress field 
by growth of the crack to supply the requirements of the fracture surfaces. The 
energy released comes from the elastic or potential energy of the loading system. 
This approach provides a measure of the energy required to extend a crack over a 
unit area, and this Is called the strain energy release rate. The second supposes that 
the stress field around a crack can be uniquely defined, and Is quantified by a stress 
intensity factor. Fracture is said to occur when the value of the stress intensity factor 
exceeds some critical value, which is material dependent. Both approaches can be 
shown to yield the same result. The following researchers have used fracture 
mechanics to predict failure in adhesive joints. 
Mulviile et al [37] considered complex loading for their failure criteria study. The 
failure behaviour of bonded joints under a wide range of in-plane loading was 
investigated. Conclusions were drawn that the mode of failure was dependent on 
the relative magnitudes of the applied shear, tension and moment loading compo- 
nents, and noted modes of crack initiation and large scale plastic deformation. A 
general expression for the stress intensity due to this combined loading was 
produced, and this value was compared with bulk material values for bonds which 
had failed by crack propagation along the interface. A discrepancy of up to fifty 
percent was noted and this was explained as the constraining effect of the ad herends 
on the plastic zone at the crack tip. 
Wang et al [38] developed a special form of finite element for the study of cracked 
and uncracked adhesive joint fracture problems. They conclude from their work on 
the characterization of the stress fields in the double cantilever beam and lap joint 
configurations that the use of classical fracture mechanics for typical structural 
adhesive systems may be limited to brittle adhesives with small scale yielding. This 
is because the measurement of the fracture toughness requires that the extent of 
yielding at the crack tip is contained within the nearly singular stress field at the crack 
tip. If ductile yielding of the adhesive layer extends beyond this region the measured 
toughness or fracture surface work will be dependent on geometry and not solely 
on properties of the material. 
Another fracture criterion is proposed by Gradin and Groth [39] and further investi- 
gated by Groth [40,41,42,43]. They use a criterion, called the singular intensity factor, 
based on the transverse stress singularities set up at the two adhesive-adherend 
interfaces. Groth and Gradin carried out a number of tests under different loading 
conditions and calculated values of their proposed criteria using a finite element 
model. The calculated values of the singular Intensity factor are found to be close 
to each other at the point of failure, even though the applied loads differ by as much 
as a factor of two. Their study predicts a maximum critical value of this singularity 
intensity factor at onset of fracture that is independent of loading mode, the criteria 
is however only used to compare relative joint strengths and is not related to 
adhesive bulk properties. Further work will therefore be required to test the possible 
variation of this criterion with other parameters, such as joint geometry, material 
properties, adhesive thickness and the shape of the terminus of the adhesive at the 
end of the overlap. 
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3. LINEAR DESIGN ANALYSES 
3.1 Introduction and General Approach to Joint Analysis 
The literature survey of existing elastic design analyses undertaken at the beginning 
of this project, and described in Section 2.2.1, has illustrated several inadequacies 
regarding the extent of application of most of these analyses. It was noted that most 
analysis packages were joint specific, in that they were capable of considering only 
one type of joint configuration. This means that alternative computer implementa- 
tions may be required when deciding how best to join structures, as a number of 
alternative configurations of joint may be possible. 
It was also noted in the course of the literature survey that there were no simple 
analyses available to the design engineer which would enable him/her to carry out 
preliminary adhesive stress calculations quickly and easily and with a reasonable 
degree of accuracy. 
In an attempt to rationalize the analysis of bonded joints and to enable the derivation 
of a general analysis capable of considering a general adhesive joint under complex 
loading, the overlap region was reduced to a simple adherend-adhesive sandwich. 
The sandwich was then subjected to general loading at the adherend ends, consist- 
ing of tensile and shearing forces and bending moments. This general sandwich is 
shown In Figure 7, as are the general load components under consideration. 
DT11 
M11 
V11 
T21 
M21 
V21 
ADHERENDI 
ADHESIVE 
ADHEREND 2 
V12 
V22 
T22 
M22 
i 
D 
Figure 7. The general adherend-adhesive sandwich. 
Using the adherend-adhesive sandwich as a base it is possible to analyze any joint 
that can be simplified to this form, and for which the prescribed end loading values 
can be determined. Some suitable configurations are shown in Figure 8. 
The general approach taken for the analyses presented here has been to consider 
the adherends as cylindrically bent plates in a state of plane strain and to analyze 
them using plate bending theory. 
In the first instance a general analysis, considering dissimilar adherends under the 
general loading previously shown In Figure 7, allowing the adhesive to transfer the 
loads in both the shear and transverse directions was derived and a solution was 
obtained. A relatively simple approach has been adopted which is essentially an 
extension of earlier approaches. This has been done to enable subsequent enhance- 
ments, such as the inclusion of non-linear material characteristics, to utilize the same 
governing equations, thus maintaining a consistent approach. The General Elastic 
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Figure 8. Joint configurations suitable for analysis. 
Analysis (GEA) Is derived and its application demonstrated In Sections 3.2 and 3.6 
respectively. 
In Sections 3.3 and 3.4, simplified forms of the GEA are presented, in which explicit 
expressions for the adhesive stresses along the overlap are derived. These analyses 
have been further simplified to produce two parameter design formulae which enable 
the peak stresses at the ends of the overlap to be easily calculated. These simplified 
analyses consider the loading applied to the adherends to be transferred through 
the adhesive in only one direction. This simplifies the approach taken In the GEA. 
Considering the transverse adhesive loading component separately, an analysis 
referred to as the Simplified Peel Analysis (SPA) has been produced (see Sec- 
tion 3.3), and considering the adhesive shear loading component separately an 
analysis referred to as the Simplified Shear Analysis (SSA) has been produced (see 
Section 3.4). 
3.2 General Elastic Analysis (GEA) 
3.2.1 introduction 
This section outlines the mathematical development of a method of solution for the 
general elastic plane strain problem of adhesively bonded joints. In deriving this 
general analysis, attention was paid to the fact that the facility was to be extended 
to ultimately include full material non-linearity in its formulation. To this end it was 
decided not to model the variations in transverse or shear stress across the adhesive 
layer at this stage, as it was felt that with the added complication of including 
non-linear material behaviour the differential equations would become complicated 
to an extent where a solution would prove too difficult to obtain. Having proved this 
general approach for both elastic and non-linear versions it should be possible to 
add these refinements at a later stage. The result of this assumption is that the 
stress-free state at the end of a joint cannot be modelled. 
3.2.2 Mathematical Derivation of the General Elastic Analysis 
The GEA is produced by considering the elemental length, dx, of adherend-adhesive 
overlap, shown in Figure 9. The adherends are shown to be subjected to general 
Chapter 3 Linear Design Analyses 
The Design of Structural Adhesive Joints Page 22 
tensile, shearing and moment loading, and the adhesive layer transfers the load from 
the adherends through both transverse tension and shearing. It is possible to 
produce equilibrium equations which equate the applied loads and the adhesive 
stresses caused by them. 
In producing these equations it is assumed that the longitudinal direct stress in the 
adhesive is negligible compared with the similar stress in the adherends. The 
adherends are assumed to be Isotropic and may have different thicknesses which 
are constant for each adherend. The adhesive Is also assumed to be isotropic with 
a constant thickness, which is much smaller than the thicknesses of the adherends. 
The adherends, which are analyzed as flat plates under bending, are assumed to be 
in a state of plane stress In the x-z plane, such that normal stresses through the 
thickness (ay) are neglected. This is the same assumption made by Goland and 
Reissner [2]. 
V1 +dVt 
" Ti 
y, v M1 .0 
V1 : 
x, u 
iXY 
ADHERENDI 
ay 
ADHEREND 2 
/-j-- 
Ti +dT1 
Ml +dMl 
ADHESIVE 
V2+dV2 
M2+dM2 
Figure 9. Elemental diagram of a unit width sandwich under general unit 
width loading. 
Referring to Figure 9 and assuming plane strain in the x-y plane with the joint having 
unit thickness in the z-direction, horizontal and vertical force equilibrium equations 
are established relating tension and shear loading in the upper adherend with the 
shear and transverse direct stresses, Txy and ay respectively, in the adhesive layer. 
These expressions are given below in equation (3.1) and (3.2) respectively. 
dTi 
dVi 
dx " 
-TXV=0 
dx - av=o 
sXY 
>V2 
- T2+dT2 
(3.1) 
(3.2) 
Similar expressions are produced for the lower adherend. 
A moment equilibrium expression for the upper adherend is also established by 
considering the moment equilibrium about the neutral axis of the adherend at the 
right end of the elemental length. This is given below in (3.3). 
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h 
dxdMi -Vl 
f 21 ixy=0 
(3.3) 
Again, a similar expression Is produced for moment equilibrium in the lower adher- 
end. 
The adherends are assumed to behave as cylindrically bent plates and are analyzed 
using plate bending theory, with the adherends in a state of plane strain in the x-y 
plane. Expressions relating moment loading in each adherend to the second 
derivative of the vertical displacement, measured positively upwards, are given by: 
d2Vn Mn 
dx2 Dn (3.4) 
where the suffix n =1,2 specifies the adherend number, and vn is the vertical 
displacement of the adherend and the constant Dn represents the flexural rigidity of 
the adherend per unit width, which for plane strain conditions has the form: 
Dn = 
Enhn 3 
12(l -vn 
2) (3.5) 
where En, hn and vn are the adherend Young's modulus of elasticity, the thickness 
and the Poisson's ratio respectively. Again the suffix n =1,2 designates the adher- 
end. 
Further expressions relate the adherend strains at the adherend-adhesive interface, 
at a given position along the overlap, to the applied tensile and moment loading at 
that point. These expressions are found by considering a section, A-A, at a known 
distance, x, from the left end of the overlap, shown in Figure 10. The adherends are 
considered to be subjected to general tension and bending moment loading, given 
by T and M respectively. The stresses in the adherends are calculated by summing 
the component stresses due to tension and bending. 
The x-direction stress is calculated at the adherend-adhesive interface, where for 
the upper adherend yi =-hi/2 and for the lower adherend y2 = h2/2. It is calculated 
by summing the component tensile (axT, ) and bending (axes) stresses to give the 
resulting total at the section of interest. The x-direction stress at the upper interface 
is given by equation (3.6), thus: 
Ti 6Mi 
ax, 
hi hl2 (3.6) 
A similar expression for the lower adherend interface stress is produced, and 
assuming plane strain in both tension and bending the interface strains are ex- 
pressed in terms of adherend loading and interface displacement in the x-direction, 
(denoted by un), thus: 
dUn 
_ 
1-vn2 rTn - 
6Mn 
dx Enhn 1 hn 
Where n again specifies the adherend number. 
(3.7) 
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Figure 10. Section of bonded joint showing tensile and bending stresses 
due to general tension and bending moment loading. 
Two further expressions relate the adhesive stresses In both . the shear and trans- 
verse directions with the displacements In those directions. The relationships are 
assumed to be linear and can be represented physically by shear and tension spring 
analogies, thus: 
=xy = 
as 
(U1 - U2) 
t 
oy = 
Es 
(Vi - V2) 
(3.8) 
(3.9) 
Assuming continuity of strain at the adherend-adhesive interfaces and therefore 
combining the first derivative of equation (3.8) with expression (3.7) for each 
adherend the following differential equation is produced: 
- 
Ga 1-vie (T _ 
6M1 
- 
1-V22 (T2 + 
6M2 
dx t Eihi hi) E2h2 ` h2 
) 
(3.10) 
Two further differentiations and substitution for the derivatives of T1, V1, and M1 from 
equations (3.1) to (3.3) at the relevant stage yields a third order differential equation 
in both shear and transverse stresses, given by equation (3.11) below: 
3 dtý-Kiý=-K2av 
dx3 dx 
where: 
Kt = 
4Ga I 1-vt 
+ 
1-v22 
t Eihi E2h2 
K2 = 
6Ga {(1_v12) 
_ 
1-v22 
t E1h12 E2h22 
(3.11) 
(3.12) 
(3.13) 
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A fourth differential equation in transverse direct stress is assembled in a similar 
manner by combining the second derivative of expression (3.9) with equation (3.4), 
thus: 
day 
_EA 
M2_Mt 
dx2 t D2 Dt (3.14) 
Two further differentiations with substitutions made for the first derivatives of M1,2 
and V1,2 at the relevant stage produce a forth order differential equation in terms of 
both transverse and shear stress in the adhesive, thus: 
dý! 
+I(3oy=K4 
d" 
dx, dx 
where: K3=Ea t+1 
D2 t D1 
(3.15) 
(3.16) 
Ka _ 
Ea hi 
_ 
h2 
2t Di D2 (3.17) 
The two simultaneous differential equations given by expressions (3.11) and (3.15) 
are further manipulated to separate the variables and produce two uncoupled 
equations of the form: 
dý-Ktdýý" +K3 
dzý-(KlIC3 
-K2Ka)dTxy=0 dx7 dx5 dX3 dx 
-Ktdä +K3dtl -(K1K3-K2K4)ay=0 dx6 
Assuming a non-zero trial solution for equation (3.19) to be oy = emx, 
equation is produced, given by: 
(3.18) 
(3.19) 
an auxiliary 
m6 - K1 m4 + K3 m2 - (K1 K3 - K2K4) =0 (3.20) 
Substitution of u= m2 gives a secondary equation, thus: 
µ3-Kiµ2+K3µ-(K1K3-K2K4)=0 (3.21) 
The roots of equation (3.21) are given byµl, µ2, and µ3" It can be shown for all joint 
configurations that µt is a real positive root and µ2 and µ3 are complex conjugates. 
Hence, the differential equations have solutions of the following general forms: 
. rxy = cicosh(mix) + c2sinh(mix) + 
c3cosh(nlx)cos(n2x) + c4cosh(nix)sin(n2x) + 
c5sinh(nlx)cos(n2x) + c6sinh(nlx)sin(n2x) + C7 (3.22) 
ay = dicosh(mix) + d2sinh(mlx) + 
d3cosh(nlx)cos(n2x) + d4cosh(nlx)sin(n2x) + 
d5sinh(nlx)cos(n2x) + d6sinh(nlx)sin(n2x) (3.23) 
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with the argument multipliers calculated from the roots of the auxiliary equation 
(3.23), and defined as: 
Ml= 
nj _ (a2 + b2)o. 25 cos [0.5 cos-1 a 
I 
(a2+b2)o. 5 
] 
n2 = (a2 + b2)o. 25 sin 0.5 cos-1 1ý(a2+b2)o. 
s 
, , } 
(3.24) 
(3.25) 
(3.26) 
The complex conjugate roots of the secondary equation (3.24) are given by: 
/L2 =a+ ib and p3 =a- ib (3.27) 
The solution of the problem as a whole requires the calculation of the thirteen 
equation constants ct-c7 and dl-d6 in (3.22,3.23). This is completed in two parts. Firstly, the shear stress equation (3.22) Is solved with the relevant seven boundary 
conditions, listed below. Then, utilizing the fact that the equations are coupled at an 
earlier stage in their derivations, equation (3.11), substituting for the relevant deriva- 
tives of the solved shear stress equation (3.22), is used to provide a full solution for the shear and transverse direct stress in the adhesive layer. 
The first six boundary conditions used in the solution of the shear stress differential 
equation relate different derivatives of shear stress at the ends of the overlap with 
the applied loading at those points. Two boundary condition equations are produced 
by evaluating equation (3.10) at x=0 and x=L by substituting for the values of 
applied load at either end of the overlap. 
Equation (3.11) Is differentiated twice and equation (3.14) Is substituted for the 
second derivative of transverse stress, giving a further equation in terms of the 
boundary loads, such that: 
ji d3ixy 1 d5rxy 
` 
Ea M2 
_ 
Mt 
K2 dx3 K2 dx5 t1 D2 Di (3.28) 
Equation (3.28) is evaluated at both x=0 and x=L. 
The fifth and sixth boundary equations are found by differentiating equation (3.11) 
three times and using the derivative of equation (3.14) to substitute for the third 
derivative of transverse stress, giving: 
Kl d4T y_1 d6Txy + 
Ea h2 
_ 
hi 
=X 
Ea V2 
K2 dx4 K2 dx6 2t D2 Dý yt D2 Di (3.29) 
Equation (3.29) Is then evaluated at both ends of the overlap with substitutions for 
the relevant shear force loads. 
A seventh boundary condition relates the net applied tensile load in the upper 
adherend with the integral of the resulting shear stress in the adhesive layer: 
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L 
fj sxy dx = Ti (at x-L) - Ti (at x-o) 
0 (3.30) 
The solution of the shear and transverse stress differential equations and the 
calculation of the adhesive stresses is completed using a microcomputer. The 
implementation is described in more detail in Section 3.5. 
3.3 Simplified Peel Analysis (SPA) 
3.3.1 Introduction 
For the Simplified Peel Analysis (SPA), as with the General Elastic Aanalysis (GEA), 
the case of dissimilar adherends in a state of plane strain in the x-y plane and 
subjected to general tensile, shear and bending moment loading per unit width is 
considered. The tensile load is shown to play no part in the derivation of the 
transverse stress. An initial simplifying assumption is made, namely that the shear 
stress in the adhesive layer, sxy, does not contribute to the flexural behaviour of the 
adherends and is therefore neglected. An alternative interpretation is to assume that 
the adhesive is acting only as a series of tensile springs, with no load being 
transmitted by shear. Section 3.3.2 contains the mathematical derivation of the SPA. 
3.3.2 Mathematical Derivation of the Simplified Peel Analysis 
This section outlines the mathematical derivation of a simplified form of elastic 
analysis considering only the transverse stress in the adhesive layer. The full solution 
of the SPA utilizes the elemental diagram developed in the GEA, shown in Figure 9. 
Vertical force equilibrium of the upper adherend is considered, which relates the 
shear loading in both adherends with the transverse component of stress in the 
adhesive layer. indeed the analysis follows a similar pattern to that developed in 
Section 3.2.2. Vertical equilibrium results in equation (3.2), while the moment equili- 
brium is simplified and is given in equation (3.31), with a similar simplified expression 
being produced for the lower adherend. 
dMt 
_ Vi =0 dx (3.31) 
For the purposes of the simplified analysis equation (3.14) is further differentiated 
with respect to the longitudinal coordinate x, and the simplified moment equilibrium 
equation (3.31), evaluated for each adherend, is substituted for the first derivatives 
of Miand M2 respectively, giving: 
d3oy Ea V2 
r 
Vý 
dx3 t D2 Dý (3.32) 
This expression is further differentiated and vertical equilibrium for each adherend 
is used to replace the first derivatives of V1,2, producing a fourth order differential 
equation describing the transverse stress in the adhesive layer, thus: 
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ýa+ 
4Fýaoy =0 
where: 1ý64 = 
Ea 1+1 
4t Di D2 
(3.33) 
(3.34) 
The differential equation Is solved, as In the GEA, by assuming a non-zero trial 
solution for the differential equation of oy = e'"x, and substituting It into the differential 
equation (3.33), to produce an auxiliary equation, which Is given by: 
m4+4i(54=0 
The auxiliary equation has the roots: 
m1,2,3,4 =± (K9 ± IK5) 
(3.35) 
(3.36) 
The differential equation can be shown to have a solution of the general form: 
ay = A1c os(Kyc)c osh(K5x) + Bicos(K5)c)slnh(K5x) + 
Cisin(K5x)cosh(K5x) + Dlsin(K5x)slnh(K5x) (3.37) 
Four boundary conditions relate the load applied to the adherends with derivatives 
of the transverse stress, given by equations (3.14) and (3.32). These equations are 
evaluated at both ends of the overlap. This yields four simultaneous equations for 
the constants At-DI. These equations are solved explicitly yielding the following 
expressions: 
Al - 
b3R3 - 2b2sinh(K5L)sln(K5L) + blRS + b4Rj 
R5 (3.38) 
Bi = 
b2R2 - b3sinh2(i(5L) - bIRa - b4sinh(K5L)sin(i(5L) 
R5 (3.39) 
Ci - 
b2R2 - bssin2(K5L. ) - btR4 - b4sinh(K5L)sin(i(5L) 
R5 (3.40) 
Di = bi (3.41) 
With reference to the applied sandwich loadings shown in Figure 7, the constants 
in the above expressions are given, thus: 
Mt t bi = 
Ea M21 
21ý2t D2 Dt (3.42) 
b2 = 
Ea M22 
_ 
M12 
2K52t 
FD2 Dt (3.43) 
b3,2 
Ea V21 
_ 
V11 
2i(53t D2 D1 (3.44) 
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ý= 
Ea V22V12 
2K53t D2 Di 
Rt = cosh(K5L)sin(K5L) - sinh(K5L)cos(K5l) 
R2 = cosh(K5L)sin(K5L) + sinh(K5L)cos(K5L) 
R3 = cosh(K5L)sinh(K5L) - cos(K5L)sin(K5L) 
R4 = cosh(K5L)sinh(K5L) + cos(K5L)sin(K5L) 
R5 = sinh2(K5L) - sin2(K5L) 
Rg = cosh2(K5L) - cos2(KsL) 
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(3.45) 
(3.46) 
(3.47) 
(3.48) 
(3.49) 
(3.50) 
(3.51) 
The simplified peel analysis can be used in this form to fully describe the transverse 
stress distribution in the adhesive layer. The use of this analysis is subject to certain 
limitations which are outlined in Section 3.7. 
As an aid to efficient joint design the analysis has been further simplified to produce 
design formulae which evaluate the peak stress at the end of the adherend overlap. 
Equations are produced for each type of loading applied to the end of the adherend. 
The simplifications made are that the argument of the trigonometric and hyperbolic 
functions given in equations (3.46-3.51), K5L, is assumed large. This physically 
implies that either the overlap Is long, or that the ratio of adherend to adhesive 
stiffness Is small. For a typical epoxy-aluminium joint, with through the joint thick- 
nesses of 0.25 and 1.50 mm and Young's moduli of 2500 and 70000 MPa respec- 
tively, this assumption Implies an overlap length of at least 12.5 mm. The effect of 
making this assumption is that the hyperbolic terms in equations (3.46-3.51) are 
equal and the trigonometric terms become negligible in comparison, such that: 
cosh(4L) sr, sinh(K5L) > Cos(K5L), sin(K5L) (3.52) 
Further, by assuming that the peak stress will occur at the end of the overlap, i. e. at 
x=0, the transverse stress equation (3.37), is reduced to: 
oy = Al (3.53) 
since, at x=0 both: 
sinh(K5x) = sin(Kyt) =0 and cosh(K5x) = cos(K5X) 
By considering each type of loading separately, further simplifications are possible. 
Considering shear loading separately the only boundary condition equation that 
contains load values at the left end of the overlap is equation (3.44). Considering 
moment loading only means that equation (3.42) now becomes significant. Equa- 
tions (3.43) and (3.45) defined with right end load values are included in the 
formulation, but because of the assumption that K5L is large the terms they are in 
become negligible. 
Each load is considered separately at this stage, but only for the purposes of the 
derivation. When a fully loaded joint is considered, each design formula, relevant to 
each separate load component, can be used to calculate a peak stress caused by 
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that load. The total peak stress is calculated using superposition of the component 
peak stresses. 
Making all of the above assumptions, and by introducing two new parameters called 
the peel compliance factors, ßu and ß2, which are a measure of the relative stiffness 
of the adherends and the adhesive and are defined below, the following expressions 
are produced. For a shear force per unit width, V, applied to the upper adherend in 
the positive direction, as defined In Figure 7, a compressive transverse stress is 
produced, which is quantified by: 
20. ß, V 5 
aV=- 
(JOI + ß2` 0.75 (3.54) 
Fora separate positive bending moment per unit width, M, applied at the same point, 
the transverse stress is given by: 
oM=- 
ßIM 
(#1 + ß2) 0,5 
where the peel compliance factors are defined: 
12Ea(1-vt2) 
Eihi3t 
12Ea(1-v22) 
2 
E2h231 
(3.55) 
(3.56) 
(3.57) 
The use of these design formulae with their relevant load configurations is demon- 
strated in Figure 11. 
vi 111188911ý W= - 
20.5 IV 
/ß1 + P2\ 0.75 
M 
aM=- 
ßiM 
ia_ ý a_\0.5 ýp 1 TNL) 
Figure 11. Design formulae describing the peak transverse stresses due to 
component loads at the end of the overlap. 
The design formulae can be simplified even further when the case of similar 
adherends is considered, such that El = E2 = E, hi = h2 = h, and VI =V2 =v, and 
therefore flu =fl2=fl The transverse stress due to a shear loading per unit width is 
given by: 
ov= -v 
(2 10.25 
(3.58) 
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The transverse stress due to a moment loading per unit width Is given by: 
aM= -M 
(2)0.5 
(3.59) 
Any combination of shear and moment loading can be applied with the resulting 
peak stress calculated by superposition of the component stresses. Further, to 
obtain the stresses in the adhesive layer caused by loading the lower adherend, the 
subscripts 1 and 2 in the equations are interchanged. Limitations in the use of these 
simplified formulae are outlined in Section 3.7. 
3.4 Simplified Shear Analysis (SSA) 
3.4.1 Introduction 
For the Simplified Shear Analysis (SSA), as with the General Elastic Analysis (GEA), 
dissimilar adherends which are assumed to be in a state of plane strain and 
subjected to complex loading, are considered. For the purposes of this analysis, 
however, a simplification is made that only the shear deformation of the adhesive is 
considered. The adhesive transverse stress Is neglected as it is assumed to have a 
limited contribution to the shear deformation of the joint. An alternative interpretation 
is to assume that the adhesive is acting only as a series of shear springs with no 
load being transmitted bytension. The mathematical derivation of the SSA is outlined 
In Section 3.4.2, and its use Is demonstrated in Section 3.6. 
3.4.2 Mathematical Derivation of the Simplified Shear Analysis 
This section outlines the mathematical derivation of a second simplified form of 
elastic analysis. Only the shear component of adhesive stress is considered. The 
elemental diagram used as a base for the derivation of the differential equations 
describing the adhesive stress is the same as that used in the derivation of the GEA, 
shown in Figure 9. 
As with the SPA, the analysis follows a similar pattern to that developed in the 
derivation of the GEA outlined in Section 3.2.2. Horizontal equilibrium results in 
equation (3.1), while a vertical equilibrium expression implying no change in shear 
force along the length of the elemental length results in equation (3.60) below, both 
with a similar expression defined for the lower adherend. 
dVt 
dx 0 (3.60) 
Moment equilibrium is given by equation (3.3), with a lower adherend equivalent 
also defined. 
For the purposes of the SSA, equation (3.8) is differentiated with respect to the 
longitudinal coordinate, x, and substituting for the adherend-adhesive interface 
strain, which is expressed as a derivative of the longitudinal adherend displacements 
in equations (3.10), the first derivative of shear stress can be expressed in terms of 
the tensile and bending moment loading in the adherends. Two further differentia- 
2 
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tions and substitution for the derivatives of tension, shear and moment from the 
equilibrium equations, give a third order differential equation which describes the 
shear stress in the adhesive layer, thus: 
dl-r 
dX3 (3.61) 
Where: 
K62 s 
4Ga 1-v12 
+ 
1-v22 
t Eihi E2h2 (3.62) 
Solving the differential equation by assuming a non-zero trial solution for the 
differential equation of sxy = emx, and substituting it Into (3.61), an auxiliary equation, 
given by: 
m(m2 - 1(62) =0 
which has roots given by: 
mi =0 and m2,3 =± Ke 
The differential equation, therefore, has a solution of the general form: 
sxy = A2cosh(Kex) + B2sinh(Kex) + C2 
(3.63) 
(3.64) 
(3.65) 
Two boundary conditions relating the load applied to the adherends, shown in Figure 
7, with the first derivative of shear stress, given in equation (3.10), are evaluated at 
both ends of the overlap, with the relevant load values substituted, such that at x=0: 
dTxy 
= bi 
dx 
and at x=L: 
(3.66) 
dT"Y 
= b2 
dx (3.67) 
A further boundary condition equating the integral of shear stress, calculated over 
the overlap length, with the net tensile loading in the upper adherend, given by 
equation (3.30), is also used. This is shown below: 
L 
ItxyaX=b3 
0 (3.68) 
These boundary conditions produce three simultaneous equations for the constants 
A2-C2, which are solved explicitly to give the following expressions: 
A2 = 
b2 - blcosh(K61-) 
Kssinh(K6L) (3.69) 
B2 = 
bi 
Ks (3.70) 
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C2_b3_(b2-bi) 
L K62L 
The shear analysis can be used in this simplified form to fully characterize the 
longitudinal shear stress distribution in the adhesive layer. There are limitations in 
the use of this form of simplified analysis and they are outlined in Section 3.7. 
Further simplifications, similar to those made in the simplified peel analysis, have 
been made here to produce design formulae which will enable calculation of the 
peak shear stress at the end of the adhesive overlap for a given type of applied 
loading. The assumptions are described fully in Section 3.3.2, but are summarized 
below. 
The argument of the trigonometric and hyperbolic functions, K6L, is assumed large. 
Hence, hyperbolic terms are equated and trigonometric terms are negligible in 
comparison, such that: 
c osh(K6L) = sinh(K6L) > cos(K6L), sin(K6L) 
Considering the peak stress to decay from the left end of the overlap, i. e. at x=0, if 
the load is applied there. The shear stress equation, given in (3.65), can therefore 
be reduced to: 
sxy = A2 + C2 (3.72) 
since: sinh(Ksx) =0 and cosh(Ksx) =I 
Further, by considering only one type of loading, i. e. tensile force, shear force, or 
bending moment separately, constants bi-b3 are further simplified. 
Two new parameters are introduced called the shear compliance factors, ai and a2" 
They are a relative measure of the shear stiffness of the adhesive and the stiffness 
of the adherends, and are defined below: 
al = 
Ga 1-v12 
Elhit 
.,.., _ 
Ga 1-v22 
uL - 
E2h2t 
(3.71) 
(3.73) 
(3.74) 
Using these shear compliance factors, and making the assumptions outlined above, 
simple two parameter formulae are derived describing the peak shear stress at the 
left end of the overlap for a given type of applied load. For a tensile force per unit 
width, T, applied to the upper adherend in the positive direction, as defined in 
Figure 34, a shear stress is produced, which is quantified by: 
n= aiT 
(3.75) 2(al + a2) 0.5 
For a unit width shear force load, V, similarly applied, the shear stress produced is 
quantified by: 
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TV s 
3V 
4hi (3.76) 
a unit width bending moment, M, applied at the same point, a shear stress of the 
following magnitude is produced: 
IM = 
3aiM 
hi(ai + a2) 0.5 (3.77) 
The use of these design formulae with their relevant load configurations and loading 
sign conventions is summarized in Figure 12. 
T 
"----- 
vj 
ýC 
BE 
alT TT =- 02(ai + a21 .5 
TV = 
3V 
4hi 
3alM 
TM = 
ht (al + a2) 0.5 
Figure 12. Design formulae describing the peak shear stresses due to 
component loads at the end of the overlap. 
These design formulae can be simplified further for the special case where the 
adherends are similar, where Ei = E2= E and hi = h2 = h, and therefore al =a2 = a. 
The expressions simplify to become: 
os a. 
sT=- 
T- 
22 (3.78) 
3V 
TV =- 
4h 
` o. s 
TM = 
3M r2) 
(3.79) 
(3.60) 
Any combination of tension, shearand bending moment loading can be applied with 
the resulting peak shear stress calculated using superposition of the component 
stresses. Further, as with the simplified analysis, the stress in the adhesive layer 
caused by loading the lower adherend, is obtained by interchanging the subscripts 
1 and 2 in equations (3.75-3.77). Umitations in the use of these design formulae are 
outlined in Section 3.7. 
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3.5 Computer Implementation of the Elastic Analyses 
The General Elastic Analysis (GEA), described In Section 3.2, has been implemented 
on computers in various forms. Both BASIC and FORTRAN77 languages have been 
used successfully, with Implementations available on a desk-top computer in both 
languages, and on a PR1 ME mainframe computer in the latter. 
The solution of the equations described above is based on inversion of a 7x7 matrix. 
The seven boundary condition expressions outlined in the derivation by equations 
(3.10) and (3.28-3.30), can be expressed in terms of the unknown coefficients (cl -c7) 
of the general shear stress equation (3.22) by differentiating the equation appropri- 
ately and substituting It into each of the seven equations. This leaves seven equations 
in as many unknowns, which can be expressed: 
[A] [C] = [B) (3.81) 
Matrix [A] consists of the coefficients of the unknown constants [C] in each equation 
and the vector [B] Is made up from the right hand sides of equations (3.10) and 
(3.28-3.30). The right hand sides consist of the loading components of the boundary 
conditions only. The matrices are solved by a simple elimination method, yielding 
values for the constants cl-c7.. The shear stress in the adhesive layer is then fully 
described using equation (3.22). Substitution of the shear stress solution into the 
coupled stress differential equation, given by equation (3.11) in Section 3.2.2, yields 
the adhesive direct stress, the general form of which is given in equation (3.23), and 
hence the full adhesive stress solution is described. The flowchart describing the 
solution of the general elastic problem is shown in Figure 13. 
Perhaps the most useful implementation of the GEA is when using a spreadsheet 
format. The ease with which a spreadsheet, such as Lotus 123 or Microsoft Excel, 
lends itself to scientific calculations, such as matrix inversion and multiplication, and 
graphics display, makes it an attractive implementation tool for relatively inexperi- 
enced users. The GEA has been so implemented, and runs in a menu driven format, 
allowing the user to enter joint data, analyze it and view the results, very easily and 
quickly. The programmed spreadsheet produces columns of data describing the 
stress distribution in the adhesive layer which automatically changes as variables 
are changed on the input page. The results are then displayed in graphical format. 
All the above implementations require the following data to be specified before an 
analysis can be initiated: 
(i) Material Property Details: 
Adherend 1,2 Young's moduli of elasticity, Et and E2 (MPa) 
Adherend 1,2 Poisson's ratios, vi and V2 
Adhesive Young's modulus of elasticity, Ea (MPa) 
Adhesive Poisson's ratio, va, or Adhesive Shear Modulus, Ga (MPa), which 
are related by the following expression: 
Ga = 
Ea 
2(t +va) 
(ii) Geometry Details: 
Adherend 1,2 thicknesses, ht, h2 (mm) 
Adhesive glue-line thickness, t (mm) 
Bonded overlap length, L (mm) 
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(iii) Loading Details: 
Tensile Force Loads: T», T12, T21, T22 (N/mm) 
Shear Force Loads: V1 1, V1 2, V21, V22 (N/mm) 
Bending Moment Loads: M11, M12, M21, M22 (Nmm/mm) 
Loading sign conventions and designations are shown in Figure 7. It 
should be noted that all loading values are applied per unit width of adher- 
end. 
I 
INPUT/READ INMAL VARIABLES 
MATERIAL PROPERTIES, JOINT 
GEOMETRY AND LOADP1G DATA 
RM PROKEM 
AGAIN WIM ALL 
NEW QATA 
J 
CALCULATE 
COEFFICIENTS OF 
DIFFERENTIAL EQUATIONS 
FIND ROM OF 
AUDOIURY EOUATION 
(mT, n1 AND n2) 
CALCULATE COMPONENTS OF 
COEFFICIENT MATRIX (/U 
CALCULATE COMPONENTS OF 
BOUNDARY CONDITION VECTOR PQ 
i 
I 
ELIMINATE MATRD( SYSTEM (AI(CI-(B) 
TO YIELD UNKNOWN CONSTANTS (C( 
CALL TATE STRESSES ALONG 
ADHESIVE OVERLAP AND DISPLAY 
OUTPUT GRAPHICALLY 
J 
I i CALCULATE UNKNOWN CONSTANTS IN SHEAR STRESS EQUATION BY 
DIFFERENTIATION AND SUBSTITUTION 
RUN PROBLEM 
AGAIN WITH NEW 
LOAD DATA ONLY 
RUN AGAIN 
WITH NEW DATA 
Figure 13. Flowchart describing the GEA solution procedure. 
As with the GEA. Implementations of the simplified analysis have been made in 
various formats. The best is again the spreadsheet format. Solution of the simplified 
analysis is split into two sections, the first of which solves the general expression 
given by (3.37) using equations (3.38-3.51) derived above. This solution requires no 
matrix inversion and the explicit expressions derived can be easily implemented, 
even on a programmable calculator. The second section utilizing the design formu- 
lae, are very simple to use and do not require implementation on any form of 
computer. 
Chapter 3 Linear Design Analyses 
The Design of Structural Adhesive Joints Page 37 
3.6 Use of the Elastic Design Analyses 
In order to demonstrate the use of the various elastic analyses derived in this chapter 
they have been used to calculate both the peak stress values at the end of the overlap 
and the stress distributions In a standard bonded joint configuration. The configu- 
rations under consideration is the single-lap joint, shown In Figure 1 with non-zero 
load values, defined in Figure 7, given in Table 1. 
A general adherend-adhesive sandwich consisting of similar adherends and defined 
by the parameters in Table 1 has been used for the joint overlap. The single-lap joint 
is subjected to end loads, as defined by Hart-Smith [5), but the effect of including 
the adhesive thickness in the calculation of the offset moment has been ignored, as 
this is not modelled in the design analyses. The offset bending moment is caused 
by the eccentricity of the load, (Tt i and T22), due to the offset of the adherend 
mid-surfaces. Reaction of the offset moment is assumed to be supplied by trans- 
verse shear forces (Vi and V22) and bending moments (M11 and M22). 
Table 1. Sandwich parameters 
Adherend-Adhesive Sandwich Parameters (N, mm units) 
Adherend Details (Elastic) Adhesive Details (Elastic) 
Young's Modulus 2 70000 Young's Modulus (Ea) 1875 
Poisson's Ratio yr 0.33 Poisson's Ratio va 0.4 
Thickness 2 1.0 Thickness (t) 0.1 
Overlap Length (L) 25.0 Shear Modulus (Ga) 669.64 
General Lop Joint Loading as Defined by Hart-Smith (N, mm units) 
Upper Left Adherend Loads Lower Right Adherend Loads 
Tensile Force i 100.0 Tensile Force 22 100.0 
Shear Force i -2.641 Shear Force 22 -2.641 
Bending Moment(Mii) -16.99 Bending Moment (M22) 16.99 
Hart-Smith uses a bending moment factor to define the fraction of the total offset 
moment that is reacted by direct bending moment at the end of the overlap. The 
remaining reaction is supplied by a couple set up by the applied transverse forces. 
The end loads are calculated for the defined lap-joint, which is subjected to a unit 
width tensile load of 100 Nmm t, such that the general sandwich has non-zero end 
loads given in Table 1. 
The results of the various elastic analyses are given in Tables 2 and 3. The peak 
adhesive stresses in the lap joint have been evaluated using each of the two 
simplified elastic design formulae derived in Sections 3.3.2 and 3.4.2, and the shear 
and transverse stress distributions in the adhesive layer have been calculated using 
both the GEA, which considers both components of adhesive stress, and the 
simplified analyses, which each consider only one component. 
The GEA produces stress distributions along the length of the overlap as shown in 
Figure 14. The full form of the simplified analysis, after establishing the explicit 
constants defined in equations (3.38-3.41) and (3.69-3.71) and given in Table 2, 
produces stress distributions which are exactly coincident with those of the general 
elastic analysis for this similar adherend case. 
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Figure 14. Elastic stress distributions for a balanced single-lap joint 
subjected to loading defined by Hart-Smith. 
Table 2. Simplified analysis explicit constants 
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Sim lified Peel Analysis Sim lified Shear Analysis 
Ai 23.2231 A2 -20.8461 
Bt -23.2231 B2 20.8461 
Ci -20.3337 C2 -1.9807 
DI 20.3337 
K5 1.093944 mm" Ks 0.825814 mm" 
P1.2 2.86425 mm-4 al, 2 0.08525 mm-2 
The design formulae are used to calculate the peak shear and transverse stresses 
for each component of applied adherend load and the total peak stresses are found 
using superposition. Details of the design formulae calculations are given in Table 3. 
Table 3. Stress component results details 
Type 
of 
Analysis 
Stresses Due to individual 
Load Components 
(MPa) 
Total 
Stress 
MPa 
T11 V11 M11 Peel Shear 
SPA N/A 2.8894 20.3337 23.223 N/A 
SSA -10.3229 -1.9808 -10.5232 N/A -22.826 
GEA N/A N/A N/A 23.223 -22.826 
The simplified peel and shear analyses, which provide exact results for the load case, 
can be seen therefore to provide a quick and accurate way of evaluating the peak 
stresses in the adhesive layer. It should be noted that the joint chosen for this 
example includes similar adherends, which is a special case configuration of the 
general adhesive joint. The accuracy of the simplified analyses Is subject to limita- 
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tions when the adherend characteristics are markedly different, an effect which is 
discussed in more detail in Section 3.7. 
3.7 Limitations in the use of the Elastic Design Analyses 
The use of the simplified analyses, derived In Sections 3.3 and 3.4, is subject to 
limitations, because of inaccuracies Introduced when making the simplifying as- 
sumptions In the course of their derivations. 
The errors are due to two assumptions, namely that the coupled effect of the 
transverse and shear stresses when dissimilar adherends are considered is ignored 
and that the hyperbolic and trigonometric arguments (K5L and K6L) are large, such 
that: 
cosh(K5,6L) - sinh(K5,6L) > cos(K5,6L), sin(K 6L) 
This section assesses the errors due to the first assumption in some detail and 
discusses the nature of the errors introduced by the second assumption for a range 
of dissimilar adherends. 
The assumption that the hyperbolic argument is large implies that either the joint 
overlap, L, is long, or that the constants in the stress differential equations, K5 and 
K6, are large. The constants K5,6, are defined separately in both simplified analyses, 
and are calculated from the geometry and material properties of the bonded joint. 
For the simplified peel analysis, ft Is defined, in terms of the peel compliance 
factors, as: 
K5 = 
(ßi + #2 
0.25 
4 (3.82) 
For the simplified shear analysis, Kg, Is defined in terms of the shear compliance 
factors, as: 
K6 =2 (al + a2) 
0.5 (3.83) 
Considering the definitions of the compliance factors, given earlier in Sections 3.3.2 
and 3.4.2 by equations (3.56-3.57) and (3.73-3.74) respectively, it is evident that large 
values of K5 occur when the Young's modulus, Ea, or shear modulus, Ga, Of the 
adhesive is large or when the adherend Young's modulus, E, Poisson's ratio, v, and 
the adherend and adhesive thicknesses, h and t, are small. 
To assess the errors due to this first assumption, results from the design formulae 
are compared with results from the full form of the simplified analysis for separate 
load components applied to similar adherends. 
Since it is impossible to define a unique error band for these expressions when the 
form of reaction at the other end of the overlap is not known, three cases are 
considered. These are: when the applied load is reacted fully through adherend 1 
(casel); fully through adherend 2 (case 2); and equally through both adherends 
(case 3). 
The full expressions for peak peel and shear stresses, for each of the above reaction 
cases, are given below In equations (3.84-3.98). The designation of load type and 
Chapter 3 Linear Design Analyses 
The Design of Structural Adhesive Joints Page 40 
load case Is given by the suffix, such that a suffix T-1 Implies tension load reacted 
as in case 1. 
aV-i _-V) 
0"25 R3 - 2K5Ls1nh(4L)sin(KSL) + Rý 
2 R5 
vv-2 =- V(ffiý 
025 R3 + 21ýLsinh(IýL)sin(KSL) - Rt 
2 R5 
gl 0 2s ý 
aV-3 =-V 
(2 
I 
R5 
OM-i mg 
2sinh(K5L)sin(K5L) + R6 
2 R5 
OM-2= -M 
-02sinh(KSL)sin(I(5L) + R6 
2 R5 
(t1 o. s R6FýL - R1 GM-3 =-M 121 RýL 
(3.84) 
(3.85) 
(3.86) 
(3.87) 
(3.88) 
(3.89) 
with constants Rt, R3, R5 and Rg defined in equations (3.46,3.48,3.50 and 3.51) 
respectively. 
The full expressions for peak shear stress given by the full simplified shear analysis, 
before the assumption that KgL is large is made, for the similar adherend case, are 
given below: 
a 0.5 cosh(KKL) -1 TT-1 =- Tý8I 
sinh(KsL) (3.90) 
a 0.5 cosh(KsL) +7 
-2 =-T r8) sinh(KsL) (3.91) 
a 0.5 cosh(K6L) +3 TT-3 -T 
(8, 
slnh(K6L) (3.92) 
3V sinh(K6L) - K6L TV-1 
4h sinh(K6L) (3.93) 
TV-2 = TV-1 (3.94) 
3V 3sinh(KgL) - KsL 'N-3=- 
4h 3sinh(K6L) 
tM-ý = 
3M a °'S cosh(K6L) -1 
h 
(2, 
sinh(K6L) 
(3.95) 
(3.96) 
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TM-2 = TM-1 
3M a 0.5 3cosh(K6L) +1 
TM-3 =h 
(2) 
3sinh(K6L) 
(3.97) 
(3.98) 
When the hyperbolic arguments are large, the terms in square brackets in equations 
(3.90-3.98) tend to unity. The preceding coefficients are seen to be the simplified 
design formulae for the similar adherend case. The errors introduced by assuming 
large arguments can therefore be assessed by comparing the bracketed terms with 
unity. This comparison, expressed as percentage differences, is shown in Figures 15 
and 16. Above a value of KsL or KeL, of approximately 8 for both analyses the 
percentage error is negligible. A typical lap joint, such as the one described in 
Section 3.6, would have a K5L value of 35.8 and a KKL value of 17.05. 
The second source of error noted in using the simplified analyses arises from 
ignoring the coupled stress effect found when dissimilar adherends are considered. 
The simplified analyses assume the coupled effect to be negligible, the net conse- 
quence of which is to alter the governing GEA differential equations to produce 
equations (3.33) and (3.61). The right hand sides of these equations, which are 
non-zero at an equivalent stage in their derivation in the GEA, given by equations 
(3.15) and (3.11) respectively, are now simplified to zero. This reduces the order of 
the final differential equations for both analyses making their solution simpler, but 
also introduces errors into the calculated stresses. 
The simplified analyses and the GEA can be shown to agree exactly for the special 
and common case when similar adherends are considered. The GEA coupled 
equations (3.15) and (3.11) reduce to the simplified shear and transverse stress 
equations, (3.33) and (3.61). This is because when similar adherends are considered, 
K2, in the shear stress differential equation (3.11), and Ka, in the transverse stress 
differential equation (3.15), defined by equation (3.17), reduce to zero. The remain- 
ing constants in the GEA differential equations, Ki and K3, defined by equations 
(3.12) and (3.16) are equivalent for all cases. 
The physical significance of this coupled effect can be explained in terms of the 
bending moments Induced In both the upper and lower adherends by the transverse 
and shear stresses In the adhesive layer. Figure 17 shows the bending moments 
induced In both adherends by the shear stress. These bending moments cause each 
adherend to deflect in the vertical direction. The difference in these vertical deflec- 
tions gives rise to additional peel stresses which are not present when the shear 
stress is included, as in the simplified peel analysis. When both adherends are the 
same, i. e. their bending rigidity is the same, the vertical deflections caused by the 
induced moments will be equal and hence there will be no change in the transverse 
stress. 
However, If the rigidity of the upper adherend is considered to exceed that of the 
lower one, i. e. Di Z D2. the deflection of the lower adherend caused by the induced 
moment will be larger In the positive sense than the deflection of the upper adherend. 
This will cause a net reduction In the transverse stress. The simplified peel analysis 
therefore overestimates the transverse stress when the rigidity of the loaded adher- 
end is greater than that of the unloaded adherend. The converse is true when the 
rigidity of the unloaded adherend exceeds that of the loaded one. A similar effect is 
caused by the transverse stress component. The moments induced in adherends 
with different bending rigidities are of different magnitudes and cause relative lateral 
displacement of the adherends. The lateral displacement in turn generates additional 
shear stress in the adhesive layer. As with the shear component, the net effect is 
Chapter 3 Unear Design Analyses 
The Design of Structural Adhesive Joints 
0 ý 
W 
Peel hyperbolic argument 
Figure 15. Percentage error in the SPA for various KsL values. 
0 
ý ý w 
1 234567 
Shear hyperbolic argument 
8 
Page 42 
9 10 
Figure 16. Percentage error in SSA for various KeL values. 
zero for similar adherends, so no difference is noted between the simplified analysis 
and the GEA. 
The error due to the coupled effect is difficult to fully quantify because different errors 
are noted when different configurations of joint are considered. The effect has been 
quantified, however, for the typical sandwich configuration discussed above in 
Section 3.6 by varying the modulus of adherend 1 and subjecting it to separate unit 
value load components, defined in Figure 7 as T11, Vii and Mi 1. The transverse and 
shear stresses in the adhesive layer caused by these applied load components have 
been calculated using both the GEA and the simplified analyses and the differences 
between the two noted. The differences are presented as percentages of the GEA 
values in the graphs in Figures 18 and 19. 
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Figure 17. Coupled stresses causing inaccuracies in the simplified analyses. 
Both graphs In Figures 18 and 19 show the percentage error plotted against the log 
of the ratio of the relevant compliance factors for each simplified analysis. Similar 
geometry was assumed for both adherends and the Young's modulus of the upper 
adherend was varied which produced a variation In both the shear and peel 
compliance factors, shown as the horizontal In both graphs In Figures 18 and 19. A 
log ratio of 1.146 represents a ratio of compliance factors of 14, so for a Young's 
modulus for the lower adherend of 70000 MPa, the upper adherend would have a 
Young's modulus of 5000 MPa, representing adherends of aluminium and stiff epoxy 
resin, an unlikely worst case. A log ratio of -0.456 represents steel and aluminium 
adherends, with the upper adherend having a Young's modulus of 200000 MPa. 
The simplified analyses, are seen to produce significant errors when vastly different 
adherends are considered. An acceptable error range of ± 10% would imply a peel 
and shear compliance factor ratio in the approximate range 0.6-2.0 for both ana- 
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Figure 18. Percentage errors in the SPA due to the coupled stress effect of 
dissimilar adherends. 
Chapter 3 Unear Design Analyses 
The Design of Structural Adhesive Joints Page 44 
PERCENTAGE EaaoR PEA-ssp/GEA 
30 
20 
10 
0 
-10 
-20 
-30 
-0ä -0.3 -0.1 0.1 0.3 0.5 0.7 0.9 1.1 
LOO 10 RATIO OF SHEAR OOMPL ANCE FACTORS 
o SHEAR TA SHEAR Vx SHEAR M 
x 
Figure 19. Percentage errors In the SSA due to the coupled stress effect of 
dissimilar adherends. 
lyres. The use of the design formulae should therefore be restricted to joints with 
adherend compliance factor ratios within the stated range. 
3.8 Discussion and Conclusions 
The following conclusions are drawn from the analyses and points presented in this 
chapter of the thesis: 
1. The GEA produces accurate results for stresses in the adhesive layer for a 
wide range of joint configurations. The main advantage it has over similar 
analyses is its ability to model general joint configurations. The GEA 
necessitates Implementation on a microcomputer to obtain stress results. 
2. Adhesive stress distributions can be found using the explicit constants, 
derived In the simplified analyses, on a calculator or using a spreadsheet. 
Errors are Introduced when adherend mismatch Is considered. These er- 
rors are shown to be acceptable within a stated range of relative peel and 
shear adherend compliance factors. 
3. Peak transverse and shear stresses are found using simple two parameter 
formulae. The formulae yield exact values of stress for balanced joints and 
provide a simple initial estimate of joint strength which is especially useful 
at a preliminary design stage. The design formulae are shown to be accur- 
ate when the arguments of the trigonometric terms in the differential equa- 
tions (I , 6L) exceed a given value 
(8). 
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4. NON-LINEAR ADHESIVE 
DESIGN ANALYSIS 
4.1 Introduction 
Failure of structures In which adhesive joints are used quite often shows the adhesive 
to have undergone extensive plastic deformation prior to failure. Therefore, in order 
to accurately quantify failure, an analysis used for joint strength prediction work 
requires the Inclusion of material non-linearity Into its formulation. With the addition 
of this feature and with a realistic material model it would be possible to accurately 
calculate the stress-strain state that exists in an adhesive layer of a bonded joint that 
is loaded well into the non-linear regime. 
An extensive literature survey of bonded joint design analyses has been carried out. 
The survey includes sections on both elastic and ran-linear design analyses and is 
reported fully in Chapter 2. It was noted from the survey that a shortcoming, common 
to most available analyses, was an inability to model non-linear material properties. 
One of the main aims of the work presented here has been to develop a general 
non-linear adhesive joint analysis using a realistic non-linear material model for the 
adhesive layer. The analysis was to be capable of analyzing a large range of joint 
configurations, some of which are shown in Figure 8. To this end the adhesive joint 
is modelled, as in the General Elastic Analysis (GEA), as an adherend-adhesive 
sandwich loaded with any combination of tension, shear and moment at the 
adherend ends. As the same basic model is used, an approach exactly consistent 
with the elastic analysis can be adopted. The adherends are assumed to behave as 
linearly elastic cylindrically bent plates with the adhesive forming a non-linear 
Interlayer between them. The deformation theory of plasticity has been used to 
model the stress-strain characteristics of the adhesive. The stress-strain curve itself 
Is approximated by any continuous mathematical function. 
Unlike some approaches to this problem, which are examined In this chapter, both 
the adhesive shear and transverse direct stresses contribute to the yield of the 
adhesive, and the non-linear response of both Is modelled. The adhesive yield can 
be modelled using either a simple or modified von Mises yield criteria, with the latter 
being formulated for adhesives taking Into account hydrostatic as well as deviatoric 
stresses. Force and moment balance equations for an elemental length of sandwich 
overlap are presented. Simple adherend bending Is assumed and the differential 
strains In the upper and lower adherends In both the shear and transverse directions, 
are related to the corresponding strains in the adhesive layer. The problem is then 
reduced to a set of six first-order non-linear differential equations, which, in conjunc- 
tion with the chosen stress-strain properties of the adhesive, are solved using a 
boundary-value finite-difference method. In Section 4.6 both the stress and strain 
results in the shear and transverse directions for various load cases have been 
compared with the results of a non-linear finite element analysis. They agree 
favourably, even for high levels of adhesive non-linearity. 
The inclusion of material non-linearity into finite element analyses has been shown 
to reverse some trends suggested by elastic analyses, such as the decrease in joint 
strength predicted when the thickness of the glue-line is reduced. In considering this 
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effect the plastic analysis derived in this report is used to demonstrate one of the 
advantages of a non-linear analysis over an elastic analysis. 
4.2 Evaluation of Alternative Approaches 
Bonded joint analyses in which material non-linearity is partially treated have been 
in existence for some time. The following two sections briefly outline the approaches 
taken by two of the best known researchers In this field and illustrate their solution 
methods. 
4.2.1 Grant's Approach to Plasticity 
The approach of Grant and Talg [10] to the single-lap joint problem was to introduce 
non-linear adhesive material behaviour into Volkersen's shear-lag analysis [1 ]. The 
resulting analysis, however, only includes the shear stresses and strains caused by 
the tension loading of the adherends, neglecting both the shear and moment load 
components and the resulting transverse stress. The Engineering Science Data Unit 
(ESDU) makes the analysis available as a non-linear lap-joint computer analysis [461. 
The program is not strictly applicable to single-lap joint configurations because the 
bending effects are ignored, but it can be used to good effect to analyze double-lap 
joints where joint rotation is largely suppressed. 
Volkersen's simple differential equations which describe the adhesive shear strain 
in terms of the differential stretching of the adherends are obtained by considering 
a force equilibrium of the elemental diagram shown in Figure 20. Horizontal force 
equilibrium of the upper adherend gives the following expression: 
dT, 
+sxy=0 
dx (4.1) 
Ti is the tension load per unit width at a distance x, from the left end of the overlap. 
A similar expression is used for the lower adherend. 
T1 
sxy dx 
ADHEREND tI T1 +dT1 
:, y dx 
T2 - 
T' -ý 
ADHESIVE 
INTERLAYER 
ADHEREND 21 T2+dT2 
JOINT LENGTH 
DMDED INTO n 
EQUAL INCREMENTS 
ý'ý-T 
II! IL 
LOAD TRANSFER - dTi 
Figure 20. Non-linear analysis of the single-lap joint according to Grant and 
Talg (1976). 
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The adhesive shear strain, yxy, is expressed as a function of the relative longitudinal 
displacements of adherends 1 and 2, given by ui and u2 respectively, and the 
bond-line thickness, t, such that: 
u2-U1 
YxY =t (4.2) 
The adherend strain in the upper adherend, neglecting thermal effects, is expressed 
directly in terms of the tension loading per unit width and by the modulus of elasticity, 
such that: 
dui Ti 
dx Eihi (4.3) 
A similar expression Is used for the lower adherend. 
The equation for horizontal equilibrium (4.1) and the derivative of the adhesive shear 
strain defined in (4.3) are reduced to a finite-difference form for the upper adherend 
by introducing an overall horizontal force balance for the joint, such that: 
T= Ti +T2 (4.4) 
The tension In the lower adherend, T2 Is eliminated from the previously described 
equations, producing finite-difference equations of the following form: 
dTi =- '[, ry dx (4.5) 
du -T- Ti 
1+1 dx 
E2h2 Ethl E2h2 
where: u= u2 - ul =t Yxy 
(4.6) 
(4.7) 
To enable a finite-difference solution the overlap length is split into n equal incre- 
ments of length dx, and the equations are solved using a marching technique. An 
initial shear strain is assumed at the left end of the overlap and, from a simple 
linear-reciprocal approximation to the stress-strain curve of the adhesive, a corre- 
sponding value of shear stress is found. The finite-difference equations, given by 
(4.5) and (4.6), are then used to predict new values of Ti and u, and hence shear 
strain yy, at the end of the first increment of length. The procedure is repeated until 
the end of the joint is reached, where the boundary condition for both the single- 
and double-lap joint states that Ti should equal zero. 
The tension calculated in the adherend at the right end of the overlap is compared 
with the expected value, which is zero, and the initial guess of shear strain at the left 
end of the overlap is altered accordingly. The finite-difference procedure is repeated 
until the condition Ti = 0, at the right end of the overlap, is achieved, when the stress 
and strain distributions can be fully described along the adhesive layer. 
A problem of instability for joints of longer overlap lengths and corresponding areas 
of low almost constant stress was noted by Grant 1101. A refinement to the analysis, 
involving a slightly more complicated finite-difference procedure, was introduced, 
allowing solutions for these longer joints to be found. Results from Grant's analysis 
are shown alongside the results from other plastic analyses in Section 4.6. 
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4.2.2 Hart-Smith's Approach to Plasticity 
Another attempt to include material non-linearity into the single-lap joint problem 
was made by Hart-Smith [5). The shear stress is modelled using a bi-linear elastic- 
perfectly plastic approximation, however, the transverse stress remains elastic. The 
single-lap joint considered Is represented In Figure 21. 
1/2 
ELASTIC 
REGION 
Figure 21. Hart-Smith's approach to plasticity in the single-lap joint (1973). 
Referring to Figure 21, it is noted that the adhesive layer is split into three regions, 
a central elastic region, of length d, and two outer plastic regions. The overlap length 
of the bonded region is given by L, hence for a balanced lap joint both non-linear 
regions have lengths of (L-d)/2. Co-ordinates s and s' are defined in these regions, 
as shown in Figure 21, with co-ordinate, s, aligned along the load path. 
Considering only half of the overlap length for a symmetrical joint, the problem is 
solved in the elastic region in terms of the shear stress, Txy, and in terms of the shear 
strain, yxy, in the plastic region. The co-ordinate system forthe shear strain is defined 
as having an origin at s= d/2 and is given in terms of a new co-ordinate, s', such 
that ds = ds'. 
The shear stress in the elastic region is represented by the third-order differential 
equation (4.8) below: 
d Txy 
-4K7 
2dTXY=0 
ds3 ds 
where: 
4K72 = 11 +3 
1-v2l 2Ga 
kb J Eht 
(4.8) 
(4.9) 
Note that equation (4.8) Is the same as the corresponding shear stress equation 
(3.20) in the GEA, outlined in Section 3.2.2, with the exceptions that Hart-Smith 
considers only the similar adherend case with plane strain in bending and not 
tension. He also includes a bending stiffness parameter, kb = D/[Eh3/12(1-v2)], to 
allow for the change in stiffness noted for filamentary composites in bending. 
The shear stress differential equation has a solution of the general form: 
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ixy = A3COSh(2KTs) + B3sinh(2K7s) + C3 (4.10) 
The plastic region, in which the shear stress is assumed to be a constant plastic 
value of sP and hence dsxy/ds' =0, has a shear strain distribution represented by the 
equation: 
d3yxy 
= 1+ 
3(1 _V22 drx a0 
ds'3 kb ht ds' 
which has a solutbn of the general form: 
yxy=Ass'2+Bss'+C4 
where: ds z ds' 
(a. 1 1) 
(4.12) 
For a balanced joint with a corresponding symmetrical shear stress distribution B3 
is set equal to zero and hence Hart-Smith solves his equations for the unknown 
constants A3, C3, A4, B4 and C4 and the unknown ratio of the length of elastic and 
plastic regions, d/I. 
The six boundary conditions used equate the shear strain in both the elastic and 
plastic regions and the derivatives of the shear strain at the elastic-plastic region 
interface. A further boundary condition relates the adhesive shear strain and the 
differential adherend longitudinal interface deflection at the end of the overlap. 
Finally, the integral of the shear stress over half of the overlap length is equated with 
one half of the applied load to produce a horizontal force balance boundary 
condition. 
The equations are solved for the six unknowns using an iterative approach. The 
shear stress and strain distributions for the elastic and plastic regions in the overlap 
can then be fully described. Maximum shear strain values for Hart-Smith's analysis 
are compared with strain distributions from other plastic analyses in Section 4.6. 
4.3 Mathematical Derivation of the Non-linear Adhesive 
Analysis (NLAA) 
The GEA, described in Section 3.2, provides a general approach to the problem of 
analyzing bonded joints. In a similar way a general approach has been adopted that 
can be applied to a wide range of joint configurations but which also includes 
non-linear material properties In its formulation. This section contains the mathe- 
matical development of a non-linear analysis method for the general plane strain 
problem of adhesively bonded structures which consist of dissimilar adherends. 
The adhesive joint, as in the earlier analyses derived in this report, is modelled as 
an adherend-adhesive sandwich with the adherends subjected, at either end, to any 
combination of tensile, transverse shear and bending moment loading. 
The adherends, as with previous analyses, are assumed to behave as linearly elastic 
cylindrically bent plates In a state of plane strain, and are analyzed using plate 
bending theory. The interlayer, however, Is assumed to be non-linear, with each 
stress component a non-linear function of all the adhesive strain components. 
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Expressions relating the stresses in the adhesive layer to the applied unit width loads 
are found by considering a unit width of an elemental length, dx, of the overlap region 
at a length, x, from the left end of the adhesive overlap. The elemental length, 
represented in Figure 9, is similar to the elemental diagrams used for both the GEA 
and the simplified analyses. Force equilibrium in both the horizontal and vertical 
directions for the upper adherend, at the given coordinate, yield the relationships: 
dTtx 
= tdx ý 
dVix 
dx 
s py 
(4.13) 
(4.14) 
Ttx and Vix are defined as tensile and shear forces present in the upper adherend 
at a distance, x, from the left end of the adhesive overlap. Moment equilibrium of the 
upper adherend gives the expression: 
dMix 
-V 
ht +t 
1x - ixY dx 2 (4.15) 
Considering the general equilibrium of a length of bonded joint, x. from the left end 
of the elemental length, with loading in the upper adherend at section x given by 
Tix. Vix and Mix and in the lower adherend described by T2x, Vac and M. 
Horizontal force equilibrium of the overall joint gives the expression: 
Tut+T2t-Tix-T2x=O 
Vertical force equilibrium yields the expression: 
(4.16) 
V11+V21-Vix-V2c=0 (4.17) 
Moment equilibrium taken about the neutral axis of the lower adherend produces 
the relationship: 
M11+M21-M1x-M2x+(V11+V21)x-(T1x-T11)h'=0 (4.18) 
where: h, =t+ 
(hi + h2 
2 
Simple adherend bending is assumed relating moment loading in each adherend 
(Mnx) at the specified coordinate, x, to the second derivative of the vertical displace- 
ment (vn) at that point: 
d2yn Mnx 
dx2 Dn (4.20) 
Dn represents the adherend plane strain bending rigidity per unit width defined in 
Section 3.2.2. The suffix n =1,2, represents the adherend number. 
Elastic stress-strain expressions for the adherends similar to those defined in 
Section 3.2.2 relate the tensile and bending moment loading per unit width in the 
upper and lower adherends at a given coordinate, x, with the stress and ultimately 
2J (4.19) 
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the strain at the relevant adherend-adhesive interface. A more realistic approach is 
made to model plane strain in the adherends. The adherends are considered to be 
in plane strain in bending, which eliminates the effects of anticlastic curvature, while 
remaining in plane stress in tension. The equations are therefore given in this context 
by: 
dun 1 (Tnx ,r 
6(1-vn2)Mnx 
dx Enhn t hn (4.21) 
In equation (4.21) the second term in the brackets Is subtracted from the first when 
considering the upper adherend (n = 1) and added to the first when considering the 
lower adherend (n = 2). 
The deformation theory of plasticity (44] is used to describe the three-dimensional 
stress state of the adhesive. This theoryassumes a direct relationship between stress 
and strain in the plastic regime and does not rely on an incremental loading 
approach. It is valid only If increasing loads are applied in proportion. The direct 
stress in the x-direction (defined in Figure 9) is neglected, ax=0, and since the 
adhesive is assumed to be in a state of plane strain In the x-y plane, shear stresses 
in the z-direction, Txz and Tyz, are assumed zero. The relationship between the 
non-zero stresses (ay, az and Txy) and the known or defined strains (ez, ey and yxy) 
in the inelastic regime Is given by the system of equations (4.22). In equation (4.22) 
e represents direct strain and y represents shear strain in the x-, y- and xy-directions, 
denoted by the suffixes (x, y and xy). The deformation theory of plasticity relates the 
total plastic strain components to the relevant plastic stress components, such that: 
Ey 11 -vp 
0 cry , 
Erz = -vp 10 az 
yxy 
Es 00 2(1 +vp) TxY 
where vp is termed the plastic Poisson's ratio, defined as: 
vp =2 {1 -E (1 - 2v)} 
(4.22) 
(4.23) 
This varies between its elastic value, v, and an asymptote of 0.5 for the fully plastic 
case, i. e. infinite uniaxial strain. Es is termed the secant modulus, such that: 
Es=au 
Eu (4.24) 
The secant modulus represents the slope of the straight line on the uniaxial 
stress-strain curve drawn from the origin to the point denoted by stress and strain 
values au and cu. 
Inverting the system of equations, given in (4.22), and expanding the resulting 
system of equations, assuming that sz =0 for plane strain, the following stress-strain 
equations are produced: 
Eýy 
ý 
(1-vp2ý (4.25) 
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Esvpey 
(1-vp2) 
Erixv 
txy 
2(1 +vp) 
(4.26) 
(4.27) 
Yielding In the adhesive Is modelled using a suitable criterion which for the assump- 
tions made in this analysis, (ax = sxz = Tyz = 0), can be a standard von Mises yield 
criterion, given by: 
ou = (ay2+az2-ayaz+ 3txy2)''2 (4.28) 
Alternatively, a modified von Mises yield criterion can be used. Raghava and Cadell 
(45] formulated such a criterion for polymers, such as epoxy resins, taking Into 
account hydrostatic as well as deviatoric stresses. The modified criterion is ex- 
pressed In terms of the ratio of compressive to tensile yield stress, s, such that: 
au = 
2s[(ay+a=)(8-1) + [(oy+o: )2(s-1)2 
+ 4s(ay2+a: 
2-ayaz+3rxy2)] vz, (4.29) 
The constant, s, possesses a value of approximately 1.3 for most polymers that fall 
within the epoxy resin family. Equation (4.29) reduces to the form of equation (4.28), 
the simple von Mises yield criterion, when similar behaviour in tension and com- 
pression is assumed, i. e. when s =1. 
Substituting for ay, oz and Txy from (4.25) to (4.27), in either of equations (4.28) or 
(4.29), depending on which yield model is selected, produces equivalent strain 
expressions. For the simple von Mises criterion, the equivalent strain is expressed 
thus: 
80 =12 ((1-vp+vp2)ey2 + 
3(1-vP) 
YXy2) 
ý 
(1-vp )4 (4.30) 
The equivalent strain expression utilized with the modified von Mises criterion, is 
expressed thus: 
tu =12 [(1 +vp)(S-1)ey + [((s- i )2(1 +vp)2 2S(1-vp ) 
+ 4S(1-v2tvp2))ey2 + 3S(1-vp)2yxy21 VZ] (4.31) 
Therefore unlike some approaches to the non-linear problem both the adhesive 
longitudinal shear, yxy, and transverse direct strains, ey, contribute to the yield of the 
adhesive and the non-linear response of both are modelled. The effective stress, au, 
corresponding to the calculated equivalent strain, eu, is found from one of various 
different continuous mathematical models of the adhesive stress-strain curve. The 
secant modulus, required to calculate the transverse and shear stresses from the 
corresponding strains, is calculated using equation (4.24). 
The differential displacements in the upper and lower adherends in both the shear 
and transverse directions are related to the strains in the adhesive layer in the 
following way: 
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1 {T2x +6 
(1-v22) M2xJ 
E2h2 h2 (4.39) 
Substituting for unknowns T2x and M2x using equations (4.13) and (4.15), the 
following differential equation describing the shear strain in the adhesive is derived: 
Yxy = 
VI - V2 
t 
UL- U2 
t 
(4.32) 
(4.33) 
Manipulating equations (4.13-4.33), It Is possible to reduce the non-linear joint 
problem to six first order non-linear differential equations, with dependent variables, 
Tin, Vix, Mix, yxy, Ey and deyddx, and an Independent variable, x, the longitudinal 
coordinate. The sbc first-order differential equations are produced in the following 
manner. 
Differentiating equation (4.32) twice with respect to the longitudinal x-coordinate the 
following expression is produced: 
d2 EV d2vý 
2v2 
dx2 t dx2 dx2 
Substituting for the second derivatives of vertical displacements from equation 
(4.20) an expression relating transverse strain and moment loading in each adher- 
ends is produced, such that: 
-I-- dx2 tl dx2 dx2 J (4.34) 
dý 1 Mac M1x 
dx2 t D2 Di (4.35) 
The lower adherend loading value, M2x, is substituted using equation (4.18), giving 
the equation: 
-_-, II -- 
dK 1 I(Mtt+M2t+(Vtt+V21)x-Mtx-(Ttx-Ttt) h'I Mix 
Where the constant K is introduced to allow the second order differential equation 
in (4.35) to be expressed as two first-order equations. K represents the first derivative 
of transverse strain, such that: 
dK 
=I 
MII+M21+(Vll+V21)X-Mix-(Tlx-Til) h' 
-Mix dx t D2 Di (4.36) 
devK 
dx (4.37) 
Differentiating equation (4.33) and substituting for the strains at the adherend-ad- 
hesive interfaces from equation (4.21) produces: 
-, y" =1 {Tlx - 
6(1-vi 2) Mixl 
dx Eihi hi f 
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dint 
= 
Ttx r1 + 
E2h2 
+ 
6(l -v22h'ý + 
dx E2h2t L Elhi h2 
Mix 1-v22 
- 
E2h2(1-v12) 
- 
E2h2t h2 Eth, 2 
1 J6(1-y2 2)(V, 1 +y21)x 
E2h2t h2 - 
(TI 1 +T21) - 
Page 55 
1 6(1-v2)2(M11 +M21 +Tt i h') 
E2h2t h2 (4.40) 
Substituting to remove the shear stress from equations (4.13) and (4.15) and 
replacing it with a non-linear function of shear strain given by equation (4.27), the 
following differential equations are produced: 
dTjx 
_ _Esyxy dx 2(1 +vp) (4.41) 
dMtx ht+t 
=Vlx- 
dx 4(1 +vp) (4.42) 
Removing the transverse stress from equation (4.14) and replacing it by a non-linear 
function of transverse strain from equation (4.25) produces: 
dVtx EsEy 
dx (i -vp2) (4.43) 
The non-linear adhesive joint problem has now been reduced to a system of six first 
order non-linear differential equations, with dependent variables: Ti x, Vix, Mix, yxy, 
K and ey, and independent variable, x, the longitudinal co-ordinate. The equations 
of interest are given by (4.36), (4.37), (4.40-4.43). 
These six equations in conjunction with either of the effective von Mises equations 
(4.28) or (4.29), and a continuous mathematical model represent the stress strain 
curve are required to be solved. 
Techniques for the solution of the equations derived above are discussed in the 
following sections. 
4.4 Finite-Difference Techniques for the Solution of 
Non-linear Differential Equations 
Numerical methods allow the analyst to replace or modify a complex problem 
involving differential equations with a similar but more manageable linear algebraic 
problem and therefore permit the solution of many problems which otherwise could 
not be treated. The non-linear treatment of a bonded joint is one such problem. 
The finite difference method (FDM) is a traditional approach to the solution of 
differential equations, where the differential operator is replaced by a difference 
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operator. The resulting difference equations may then be solved as accurately as 
required. The main source of error associated with this method is the truncation 
error associated with the approximation of the differential operator, which must be 
minimized In the solution procedure. 
There are two main types of problem, those in which all boundary conditions are 
specified at one point termed Initial-value problems, and those in which the boundary 
conditions are distributed between two or more points termed boundary-value 
problems. The general sandwich configuration used In the general elastic analyses 
derived in Section 3.2 Is a form of a boundary-value problem, as certain variables, 
defined as the load values, are known at the initial point at the left end of the overlap 
and also at the right end of the overlap. 
For numerical solution of a system of non-linear differential equations, the equations 
can be expressed in first-order form, thus: 
yt' = fI (X, Y1. Y2....., Yn) 
Y2' = f2(X, Yt. Y2....., Yn) 
yn' = fn(X, Y1, y2,...., Yn) (4.44) 
The n dependent variables which specify the solution, y1, y2,...., yn, are functions of 
the independent variable, x, and the differential equations give expressions for the 
first derivatives, given by: 
Y 
dyi 
dx (4.45) 
The first derivatives are expressed in terms of x and y1, y2...... yn. For a system of n 
first order equations, n associated boundary conditions are required to define the 
solution. A more general system of equations may contain derivatives of higher 
order, but it will almost certainly be possible to reduce it to first order form by 
introducing new variables. 
The following sections outline the solution of both initial-value and boundary-value 
systems of equations by finite difference techniques. 
4.4.1 Solution of Initial Value Problems 
Starting from initial values of the dependent variables, y,, at a given point, the 
numerical solution is obtained using a step-by-step calculation which gives approxi- 
mate values of the variables yi at finite intervals over the required range. By 
introducing a new suffix i, j to denote the dependent variable number, i, at the point 
of interest, j, the solution proceeds stepwise in the x-domain, such that: 
Yl = yi, o +f (x1, o, yl, o) dxo 
Y1,2 = y,,, + f(xt,  yl, l) dxl 
Yin = Y1, n-1 +f (xi, n-t. Y1, n-1) dxn_1 (4.46) 
There are n sets of equations of this form for each dependent variable defined by 
the system of equations given in (4.44). It should be noted that it is not necessary 
for dxj to be a constant through space. The procedure described above is called 
Euler's method. The Euler method Is an explicit procedure because it uses known 
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Information to evaluate f((, y) and extrapolate to the unknown. Once this extrapola- 
tion has been made, an Implicit procedure may be applied to correct the solution. 
The use of explicit procedures together with Implicit methodsto improve the solution 
Is called a predictor-corrector method. The Euler method is called a one-step 
procedure because Information at only one x-location is used to project to the next 
location. Multi-step projections are also possible and are widely used. 
4.4.2 Solution of Boundary-Value Problems 
Two methods are commonly used to solve boundary-value problems. They are the 
shooting points method and the direct or relaxation method. Both techniques are 
summarized in the following two sections. 
4.4.2.1 Shooting Points Boundary-Value Method 
A boundary-value system of equations, unlike an Initial-value system of equations, 
have boundary conditions specified at two separate points in the region of Interest, 
or more usually at points at either end of the region of Interest. To solve the system 
of equations by the shooting and matching method, a guess Is made for the 
unprescribed boundary conditions at x=0. Then the differential equations are solved 
as an Initial value problem using predictor-corrector techniques subject to the given 
and assumed boundary conditions at x=0. The solution computed at x=L is 
compared to the known boundary conditions at that point. If agreement is unsatis- 
factory, an adjustment is made to the assumed initial boundary conditions to 
minimize the discrepancy from the known boundary values there. The problem is 
re-solved using the new boundary conditions. This iterative procedure Is repeated 
unto the solution obtained at x=L using the assumed conditions at x=0 satisfies 
the specified condition at x=L This method is very simple in theory but, in some 
cases may either converge slowly or not at all. Some equations, termed stiff 
equatkms, are so sensitive to errors in the assumed boundary conditions that they 
are practically impossible to solve using shooting techniques. 
4.4.2.2 Relaxation Boundary-Value Method 
The second widely used method for solution of boundaryvalue problems Is the direct 
or relaxation method. Here, rather than marching through the region of interest, the 
solution to the equation is obtained simultaneously at all nodes by solving a set of 
algebraic equations. The algebraic equations are formed by combining the finite 
difference equations given by (4.46) for each variable at each point on the initial 
mesh, with the necessary boundary condition equations. Solution by relaxation 
methods using finite-differences involves replacement of the differential operator 
with a difference operator. When, as with the adhesive joint problem, the equations 
to be solved are non-linear the solution is obtained iteratively solving the problem 
using better and better estimates for the dependent variables and using each 
successive estimate as an initial guess for the next solution. This iterative approach 
is repeated until the solution is unchanged between successive steps. 
Generally relaxation is a more robust and efficient technique but can require a large 
amount of computer memory, as data for all Intermediate points must be stored, 
whereas with the shooting and matching technique discussed In the previous 
section only the solution at the current point is required. As a comparison of the two 
techniques in terms of time for a solution to be achieved and the memory require- 
ment in producing the solution, two separate analyses of an overlap configuration 
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were completed using both types of solution method. The first load case consisted 
of sufficient bending moment to yield one quarter of the adhesive overlap and the 
second case subjected the joint to enough bending moment to yield over one half 
of the overlap. The memory requirement of the shooting points technique was shown 
to be independent of the level of loading applied, but memory requirement of the 
relaxation technique ranged from approximately 30 to 50 times the amount of the 
shooting technique depending on the level of non-linearity exhibited in the adhesive 
layer. It should be noted that even the largest memory requirement of the relaxation 
method would not be excessive on a desktop computer. 
The time taken to achieve a solution using the relaxation technique was approxi- 
mately constant for both load levels at 10 CPU seconds. The time taken for the 
shooting and matching technique however, ranged from 60 CPU seconds to 
90 CPU seconds for the higher load level. Both times quoted are expressed in 
CPU seconds on a Prime 6550 computer. 
There are other factors to consider when comparing the two techniques. The 
shooting and matching technique is more likely to fail to converge due to ill-posed 
variables than Is the relaxation technique. Further the shooting technique requires 
some adjustment to the flat portion of the adhesive stress-strain curve to allow 
convergence to be achieved. A reasonably flat stress-strain curve causes the 
problem to be fairly NI-conditioned, with small changes In some variables causing 
changes that are too large to be sustained in the others. Increasing the gradient of 
the stress-strain curve In the region directly outside the maximum achievable strain 
produces a more efficient Newton correction, but in order not to affect the validity 
of the technique the problem of where to Initiate this adjustment In gradient arises. 
It would appear that the relaxation method is the better of the two techniques for the 
bonded joint problem In its present form. Further work may be required to investigate 
the application of the shooting technique further. 
4.5 Software Description and Documentation 
The six first order non-linear differential equations for the NLAA derived in Sec- 
tion 4.3, and defined by equations (4.36), (4.37) and (4.40-4.43), are solved using a 
relaxation method boundary-value finite-difference algorithm [471. The routine is 
shown schematically in Figure 22. 
Referring to Figure 22, a variable, eps, termed the non-linearity parameter is intro- 
duced into the six differential equations allowing the problem to be increased in 
complexity from a linear problem with eps =0 to a fully non-linear problem with 
eps = 1. In this way, the amount of non-linearity in the problem can be increased 
gradually. Increasing the value of eps, the solution to one problem thus forms an 
initial approximation to the subsequent, more complex solution. The six equations 
(4.36), (4.37) and (4.40-4.43) are written in finite-difference form using a first order 
central-difference approximation for the derivatives which are represented by f() in 
the schematic diagram shown in Figure 22. The overlap region is split into n equal 
increments of length, h, the finite difference equations f() are specified on each 
region giving 6n equations in 6(n + 1) unknowns, the values of the variables at each 
mesh point. Boundary conditions, g, are invoked defining load values at either end 
of the sandwich, given by T», T12, V», V12, MI i and M12, which provide the remaining 
6 equations required to enable solution. The finite-difference equations and the 
boundary conditions together form a set of non-linear equations F. 
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Figure 22. Schematic of finite-difference solution method. 
An Initial estimate for the variables at each mesh point, Y°(), is made which can be 
user supplied or provided by the algorithm with linear interpolation between non- 
zero boundary conditions. A Jacobian, [K], Is then analytircaily determined which 
represents the derivative of F() with respect to Y(, and a Newton iteration routine 
Is used to improve the initial estimate using a standard iteration technique. After one 
Newton iteration the level of non-linearity is Increased and the equations are 
re-computed, this procedure is repeated until the full non-linear equations are 
represented. 
When the full non-linear case Is achieved, a correction, S, for the Newton iteration 
method is obtained by Including higher order terms in the finite-difference equations. 
In this way an attempt is made to reduce all errors at all points in the mesh to within 
a specified tolerance band. If a solution within the tolerance for the problem is 
Chapter 4 Non-linear Adhesive Design Analysis 
The Design of Structural Adhesive Joints Page 60 
reached the result is output, If not the mesh is refined locally around the points with 
the largest errors. The Jacobian is then re-computed and the Newton iteration with 
correction is carried out until a solution is found. The method of solution described 
here has been used successfully with a large range of joint configurations and load 
combinations. 
4.6 Finite Element Validation of Non-linear Adhesive 
Solution 
To validate the NLAA described above, a non-linear finite element analysis of an 
adherend-adhesive sandwich was carried out using the model shown in Figure 23. 
A mesh was constructed using 560 eight-noded Isoparametric plane strain finite 
elements to represent an epoxy-aluminium joint with through the joint thicknesses 
of 0.25 and 1.00 mm respectively, and with an overlap length of 12.5 mm. Figure 23 
shows the finite element mesh with details of the left and right ends of the overlap 
region showing load application and constraint methods respectively. Note from the 
figure that five elements were used to model the thickness of the adherend and four 
elements were used across the adhesive thickness. A small displacement option in 
the finite element analysis was used to match the assumptions made in the NLAA. 
The load case chosen for the non-linear comparison was a single-lap joint type of 
loading with Hart-Smith load values per unit width. Details of this configuration are 
given In Table 4. The reactions are provided Internally by the finite element program 
and produce the balanced loading required In a classic lap-joint problem. 
Table 4. Sandwich parameters 
Adherend-Adhesive Sandwich Parameters (N, mm units) 
Adherend Details Elastic Adhesive Layer Details Non-linear 
Young's Modulus (E1,2) 70000 Young's Modulus (Ea) 1875 
Poisson's Ratio vi 2 0.3 Poisson's Ratio va 0.4 
Thickness hi 2 1.0 Thickness (t) 0.25 
Overlap Length (L) 12.5 Max Asymptotic Stress (A) 69.28 
General Lap Joint Loading as Define d by Hart-Smith (N, mm units) 
Applied Load Internal Reaction 
TensNe Force (Ti 400.0 Tensile Force 22) 400.0 
Shear Force » -29.58 Shear Force 22 -29.58 
Bending Moment M» -65.0 Bending Moment M22 65.0 
Non-linear adhesive material properties were assumed. The NLAA, in this case, used 
a hyperbolic tangent approximation to the uniaxial stress-strain curve, relating the 
uniaxial stress, au, to the uniaxial strain, cu, In terms of the elastic Young's modulus, 
Ea, and a theoretical maximum stress horizontal asymptote, A, in an equation of the 
following form: 
vu =A tanh 
Ea cu 
A (4.47) 
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Figure 23. Adherend-adhesive sandwich finite element model. 
Equation (4.47) is shown graphically in Figure 24. The finite element program used 
a cubic spline approximation to the stress-strain curve with three internal knots which 
models the curve shown in Figure 24 almost exactly. 
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Figure 24. Stress-strain curve approximations used in various non-linear 
analyses. 
The total level of loading in the finite element analysis was applied in thirty-seven 
load fractions. The first fraction of applied load caused initial yielding in the adhesive 
layer and was 0.0689 of the total applied load. The remaining load was then applied 
in thirty-six equal increments. The finite element analysis thus converged to a 
solution within one or two Iterations for each increment of applied load. The finite 
element results averaged across the adhesive layer for both the transverse direct 
stress and strain and the shear stress and strain are compared with results from the 
NLAA, using the same load case, in Figures 25 to 28. 
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Referring to the transverse stress and strain details shown in Figure 25 and 26, close 
agreement is noted between the finite element results (denoted by filled circles), and 
the NLAA (denoted bythe continuous line). The shear stress and strain results shown 
in Figures 27 and 28 agree very closely with each other. An interesting point to note 
Is the downturn at the end of the overlap in the shear stress graph. This effect is due 
tothe inclusion of the transverse strain In the expression forthe yield criterion, which, 
Increasing at a faster rate than the shear, causes the location of the yield surface to 
move towards the transverse stress. Any Increase In yield due to hardening is more 
than absorbed by a corresponding Increase In the transverse stress. This effect has 
not been widely reported and it Is thus Interesting to note the dose agreement 
between the finite element results and the results of the non-linear analysis in this 
region. 
Further validation of the NLAA has been carried out by comparing results for the 
above load case from the NLAA with results from three other analyses which also 
include adhesive plasticity to some degree. The analyses used for this comparison 
are Hart-Smith's lap joint analysis [5] and Grant's shear-lag analysis [10] lap joint 
analyses and a relatively new program produced at Harwell which is called the 
Bonded Joint inelastic Strength Prediction Suite Computer Program for Lap Joints 
under Combined Loading shortened to BISEPS-LOCO [48]. BISEPS-LOCO is not 
generally accessible, being made available only to a commercial consortium. Also 
plotted are the results from the non-linear finite element analysis. 
Referring to Figures 27 and 28, which contains the shear stress and strain results 
for all of the above analyses, it is evident that Grant's shear-lag analysis shows 
reasonable correlation with the finite element results. The results are quite accurate, 
even though Grant's analysis neglects adherend bending. This Is because the load 
case chosen is predominantly one of tension and Grant's analysis models this well. 
The shear results for a load case with a larger degree of bending in the adherends 
have been shown not to agree so well. 
Hart-Smith's single-lap joint analysis has been Incorporated by using the compre- 
hensive parametric studies for the lap-joint configuration given in his report [5]. It is 
possible to calculate maximum strain values from these studies, and these agree 
well with the finite element values. It should be noted however that the transverse 
stress and strain which Is considered to be elastic in this analysis will be incorrect. 
BISEPS-LOCO is compared in both the shearand transverse directions in Figures 25 
to 28, and is shown to agree very well with both the FEM and the NLAA In the 
transverse direction for both stress and strain. The shear stress and strain results, 
however, differ from those predicted by the finite element analysis. After consulting 
the authors of BISEPS-LOCO it would seem likely that this discrepancy is caused 
because the Harwell program automatically uses a hydrostatic sensitive yield 
criterion similar to the modified von Mises criterion discussed In Section 4.3 which 
Is optional in the NLAA and has not been selected for the purpose of these 
comparisons. Similar effects have been noted with the NLAA when hydrostatic 
criteria are applied In their analysis. 
The general conclusion to be drawn from the comparisons shown here is that the 
NLAA will provide an extremely useful tool in bonded joint design providing the joint 
strength can be obtained in terms of a general level of strain In the adhesive. 
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Figure 25. Adhesive transverse stress distributions along the adhesive 
overlap for various plastic analyses. 
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Figure 26. Adhesive transverse strain distributions along the adhesive 
overlap for various plastic analyses. 
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Figure 27. Adhesive shear stress distributions along the adhesive overlap 
for various plastic analyses. 
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Figure 28. Adhesive shear strain distributions along the adhesive overlap for 
various plastic analyses. 
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4.7 A Study of Adhesive Thickness Effects in the 
Single-Lap Joint 
The use of results from elastic analyses to predict the adhesive stresses in a bonded 
joint is subject to certain limitations. It can be seen from work presented by Goland 
and Relssner 12), and many researchers since, that an analysis based on elastic 
assumptions will predict an increase In joint strength with a corresponding increase 
in adhesive layer thickness. This feature Is seldom observed in practice, in fact the 
converse Is often the case. 
The following section outlines a study carried out to investigate the effects of varying 
the glue-line thickness of an adhesive joint. A non-linear finite element analysis and 
a NLAA is then carried out on that joint assuming elastic and non-linear material 
properties. The reason for the errors involved in strength prediction based on elastic 
analyses are clearly demonstrated. 
The elastic transverse and shear stress distributions for a single-lap joint configura- 
tion calculated using the GEA, shown in Figures 29 and 30, demonstrate an increase 
in peak shear and transverse stress values with decreasing glue-line thickness. This 
implies, as has already been stated, that adhesive joints with thin glue-line layers 
might fail at lower loads. 
The reason for this discrepancy is demonstrated using a non-linear finite-element 
analysis and the NLAA, developed in this chapter. A similar single-lap joint configu- 
ration for two glue-line thicknesses is analyzed by both methods, and the spread of 
the yielded region of the adhesive is then plotted from its initial onset to a point where 
either the bond-line has fully yielded or full load has been reached. This demonstra- 
tion is also used here to show the value of the NLAA over an elastic analysis. 
The unlaxial tensile stress-strain curve is represented in the NLAA by a hyperbolic 
tangent approximation of the form given in equation (4.47), and a cubic b-spline fit 
to this curve is used in the finite element analysis. Both curves are shown in Figure 31. 
The cubic b-spline curve fit for the finite element analysis and the hyperbolic tangent 
NLAA uniaxial stress-strain curve have a yield point set at 40 MPa. General lap-joint 
loading, as defined by Hart-Smith [5], was used for both analyses with tension, shear 
and bending moment loading values given by the values in Table 5. 
Table S. Sandwich parameters 
Adherend-Adhesive Sandwich Parameters (N, mm units) 
Adherend Details Elastic Adhesive Layer Details (N on-linear 
Young's Modulus EI 2) 70000 Young's Modulus (Ea) 1875 
Poisson's Ratio vi, 2 0.3 Poisson's Ratio (va) 0.4 
Thickness (hl, 2) 2.0 Thickness (t) 0.05,0.50 
Overlap Length (L) 12.5 Yield Stress C ay) 
General Lap Joint Loading as Defined by Hart-Smith (N, mm units) 
Model 1 t=0.05 mm) Model 2 t=0.5 mm 
Tensile Force » 400.0 Tensile Force u 1) 400.0 
Shear Force » -24.671 Shear Force i> -30.086 
Moment M» -255.81 Moment M» -311.96 
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The difference in moment and shear loading noted between models 1 and 2 arises 
because Hart-Smith's bending moment factor is a function of the glue-line thickness 
which is varied here. 
The finite element analysis loading was applied as series of concentrated or force 
loads calculated to describe a stress distribution generated by the load values given 
above. The loading was applied to both models in 41 Incremental steps as shown 
in Table 6 below. 
Table 6. Load fractions and equivalent load increments applied to finite 
element models 1 and 2 
Load Increment 0 1 3 6 11 36 41 
Load Fraction 
Model 1 (t = 0.05 mm) 0.000 0.137 0.203 0.300 0.400 ... 0.900 1.000 
Load Fraction 
Model 2 (t=0.50 mm) 0.000 0.210 0.246 0.300 0.400 ... 0.900 1.000 
The finite element model that has been used for this work Is of similar geometry to 
that shown In Figure 23. The same meshing pattern was used for both models, 
except one model had an adhesive thickness of 0.05 mm and the other a thickness 
of 0.50 mm. 
Both finite element models were built up using 560 eight-noded quadrilateral 
isoparametric elements. Five elements were used to model the adherend thickness 
with a gradual refinement in the direction of the bond-line. Four elements were used 
to model across the bond-line thickness. The length of joint was modelled using 40 
elements with gradual refinement towards the regions of higher stresses at the ends 
of overlap. The results from the finite element and general non-linear analyses are 
presented in Figures 32 and 33. Figure 32 shows the comparison of the spread of 
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Figure 31. Adhesive unlaxiai tensile stress-strain curve approximated by the 
Prager hyperbolic tangent curve and a cubic b-spline. 
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Figure 32. Spread of yield in the adhesive of a single-lap joint semi-overlap 
with increasing load increments (model 1 t=0.05 mm). 
yield for model 1, with t=0.05mm and Figure 33 shows the same comparison for 
model 2, with t=0.50mm. 
The diagrams at the top of both figures are finite element contour plots showing the 
extent of yielding for the various load fractions given in the table above. The NLAA 
results are shown as a series of graphs of increasing effective stress in the adhesive 
layer. The yield stress of the adhesive is represented by the horizontal line at a stress 
of 40 MPa on both graphs. The extent of yield in the adhesive for the NLAA is then 
represented by the distance to the left of the Intersection of the effective stress line 
and an effective stress of 40 MPa. 
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Figure 33. Spread of yield in the adhesive of a single-lap joint semi-overlap 
with increasing load increments (model 2 t=0.50 mm). 
Figures 32 and 33 demonstrate the close agreement between of the finite element 
analysis and the NLAA when the comparison is drawn in terms of the extent of yield. 
The figures also show the reason for the differences noted between the theoretical 
elastic strength of a joint and that noted in practice when different bond-line 
thicknesses are considered. 
It Is noted that for the 0.05mm bond-line model from Figure 32 that the Initial stages 
of yield spread very quickly and by Increment 11 (load traction = 0.4) almost 1.5mm 
of the overlap has yielded. The spread of yield along the overlap then slows and by 
load increment 41 (full load) only 5.0mm of the adhesive semi-overlap has yielded. 
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For the 0.50mm bond-line model shown in Figure 33 the initial yield is slow to start 
with less than 0.5mm of the overlap yielding by increment 11 (load fraction = 0.4). 
This Is what is to be expected from analyses assuming elastic material properties, 
which predict lower stresses for thicker bond-lines. The spread of yield for this model 
then accelerates and by load Increment 33 (load fraction-0.85) the whole overlap 
has yielded. 
There are two possible reasons for the more rapid spread of yielding In the thicker 
joint. The NLAA discussed earlier In this chapter shows the stress distribution in the 
thicker joint, although at an overall lower level, to be more-uniformly distributed than 
in the thinner joint. Thus, when yielding does occur, there is less 'elastic reserve' to 
sustain further load and yielding spreads more quickly. Secondly, when yielded, the 
adhesive shear stresswill be greatest when the direct stresses are in pure hydrostatic 
tension or compression. This Is more likely to be the case In the highly constrained 
thinner joint, and so for such joints an increase In load can be sustained with a smaller 
degree of yielding because the shear stress Is higher. 
Under a predominantly shear type of loading as here it is proposed that the joint has 
failed when the whole overlap has yielded. The joint therefore cannot support any 
additional load. This demonstrates why the joint bonded with the thicker layer of 
adhesive actually falls before the thinner bonded joint having reached a point where 
the adhesive layer has fully yielded sooner. 
4.8 Discussion and Conclusions 
The following conclusions are drawn from the analyses and points presented in this 
chapter of the thesis. 
1. Various approaches to the solution of the non-linear problem have been out- 
lined. All of them have different Initial assumptions and include varying de- 
grees of non-linearity. They have been shown to produce results with 
corresponding degrees of accuracy. 
2. The approach introduced in the NLAA Is an extension of the GEA, and is dif- 
ferent from the approaches of other authors in the following important re- 
spects: 
" the results are continuous over the overlap length which Is not 
split into separate elastic and plastic regions; 
"a continuous model for the stress-strain curve can be used allow- 
ing for greater accuracy in its modelling; 
" The combined effect of modelling the non-linear response of 
both transverse and shear stresses is included; 
" the analysis is useful for considering general joint configurations 
and not just balanced joints. 
3. The NLAA agrees well with non-linear finite element analysis of the same con- 
figurations, and has been used to good effect to demonstrate the bond- 
line thickness effects of adhesive joints. 
4. The NLAA would be of considerable use to the design engineer it the 
strength of a bonded joint could be represented in terms of an ultimate 
strain In the adhesive layer. 
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5. FULL NON-LINEAR DESIGN 
ANALYSIS 
5.1 Introduction 
In testing an adhesive joint to failure it is noted that certainly the adhesive, and quite 
often the adherends as well, deform plastically. This is made apparent by the 
permanent deformation often noted In the adherends after a destructive test has 
been completed. In order to accurately quantity the failure ofa bonded joint, strength 
prediction work requires the Inclusion of both adhesive and adherend material 
non-linearity Into the analysis formulation. With this Inclusion it would then be 
possible to accurately calculate the stress-strain state existing In the adherends and 
adhesive layer of a bonded joint at a full range of load values taking the whole joint 
well into the non-linear regime. 
It was noted in the literature survey, reported fully In Chapter 2, that a shortcoming 
common to most presently available bonded joint analyses, Is an Inability to model 
non-linear material properties fully and successfully. The major thrust of the work 
carried out under the SERC project has been to develop a non-linear adhesive joint 
analysis using a realistic non-linear material model for the adhesive layer. The 
resulting analysis is capable of analyzing a large range of joint configurations, 
including lap joints and T- and L-joints and their variants. The Non-linear Adhesive 
Analysis (NLAA) Is discussed fully in Chapter 4. The aim of the second stage of the 
project, sponsored by Ford UK Ltd, has been to extend the NLAA, by introducing 
full material non-linearity. This Is achelved by assuming that the adherends also 
deform plastically, when subjected to sufficient load. The following section outlines 
the mathematical derivation of the Full Non-linear Analysis (FNLA). 
5.2 Mathematical Derivation of the Full Non-linear 
Analysis (FNLA) 
The six first-order non-linear differential equations which form the basis of the NLAA 
are derived fully in Section 4.3, and are defined by equations (4.36), (4.37) and 
(4.40-4.43). To establish non-linear adherend behaviour it is necessary to replace 
equations (4.36) and (4.40) with alternate expressions taking into account the 
changing material properties of the adherends with increasing load. 
The relationship between the shear strain in the adhesive layer and the difference 
between the x-direction adherend-adhesive interface strains in the adherend materi- 
al can be directly replaced by equation (5.1) below. 
ý=axn-ex2u=f1(T1x, M1x) 
(5.1 ) 
Where EXIL and exsu represent the non-linear (or elastic) x-direction strains in 
adherend 1 and 2 at the lower and upper adherend-adhesive interface respectively. 
Considering each adherend as a cylindrically bent beam the x-direction direct strain 
can be shown to exhibit a linear distribution through the depth of the adherend for 
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small rotations. Considering each section of the adherend to be subjected to general 
tension and moment loading, general expressions, for x-direction direct strains, 
given by (5.2) and (5.3), can be produced. 
ex, a Ki (Yi - ei) - f2 (Tix, Mix) 
Ex2 = K2 (Y2 - e2) = f3 (Ttx, Mix) 
(5.2) 
(5.3) 
K represents the curvature of the adherend, and referring to Figure 34 showing a 
general adherend, e represents the offset In the neutral axis of the adherend caused 
by the combination of tensile and moment loading. The y-coordinate value y, 
represents the distance between the adherend centre-line and the position of 
interest. In these cases, y represents the distance between the adhesive centre-line 
and the adherend-adhesive Interface, given by -hi/2 and h2/2 respectively. The form 
of functions fl-f3 Is dependent on the form of the stress distribution caused by the 
applied loading. 
Equation (4.36) represents the relationship between the adhesive y-direction direct 
strain and the difference In the second derivatives, or curvatures, of adherends t 
and 2. The equations can be rewritten directly In terms of the adherend curvatures, 
such that: 
d2EV d2W dZV2 1 (Ki _ K2) - fa (Tix, Mix) dx2 t dx2 dx2 t (5.4) 
Therefore, to produce an analysis which includes full material non-linearity, equa- 
tions (4.40) and (4.36) In Section 4.3 are replaced by equations (5.1) and (5.4). A 
similar substitution to that made In producing the initial six equations can be carried 
out to reduce the second order y-direction direct stress equation to two first order 
equations to facilitate the solution method. 
The combination of general moment and tension loading applied to a plane section 
of adherend, In conjunction with the assumption of a general bi-linear stress-strain 
curve yields sixteen possible stress distribution categories. To simplify the situation, 
only the case of positive tension and moment loading Is considered. The number of 
categories to be considered now reduces to four. 
The positive load combination is used to establish force and moment equilibrium in 
the adherend. A computer subroutine has been written that calculates values of 
offset and curvature from known values of applied loads. The algorithm assumes 
the applied load combination to cause a given section of the adherend to fall into 
each category of stress distribution In turn. An attempt is made to fulfil the force and 
moment balance equations produced for each category. If the equations are not 
satisfied for any category the algorithm falls through to the next category and 
attempts to satisfy its equations. For all categories the absolute values of the load 
components are applied, with the calculated values of neutral axis offset and 
curvature being adjusted on exiting from the subroutine dependent on the initial 
signs of the applied load components. 
The full non-linear solution therefore requires the non-linear analysis of an adherend 
configuration with applied tension and bending moment loading. The analysis 
requires the calculation of both adherend curvatures, Kt and K2, and the neutral axis 
offsets, ei and e2, for general loading conditions. Considering the adherends to be 
represented by beams of Isotropic material with similar material behaviour in 
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Figure 34. Adherend non-linear stress distribution caused by general 
tension and bending moment loading. 
compression and tension, the applied loading in the beam produces an x-direction 
direct stress distribution, shown in Figure 34. 
The applied loading and the x-Oirectlon direct stress distribution are related in the 
following manner. By considering ä horizontal force balance, the tension is given 
thus: 
tyý 
T=f oxdy 
_W2 (5.5) 
The bending moment is given by considering a moment balance across the section 
of interest, thus: 
hi! 
M=jyaxdy 
_,, 2 (5.6) 
Equations (5.5) and (5.6) are utilized with a substitution made for ax using a 
mathematical model for the uniaxial stress-strain curve, adjusted to be expressed 
in terms of the x-direction direct stress and strain. 
The general theory used for the non-linear modelling of the adherends is the 
deformation theory of plasticity described by Jensen, Falby and Prince [44]. The 
same theory was used successfully to model the non-linear stress distributions in 
the adhesive layer, and it was considered suitable to utilize the same model to extend 
the complexity of the finite-difference equations describing the bonded joint. 
A different stress state is assumed in the adherends from that assumed in the 
adhesive layer. The reason for this Is that the dominant stress in the adherends is 
the x-direction direct stress, which is assumed negligible in the adhesive, where the 
y-direction direct stress was shown to be dominant. To facilitate the assumption of 
negligible y-direction direct stress in the adherends, they are assumed to be in a 
state of plane stress in the x-z plane, defined In Figure 9, such that ay = ixy = zyz = 0. 
For isotropic adherends in a state of plane stress, the deformation theory of plasticity 
states that the relationship between the stresses and strains In the Inelastic regime 
is given in equations (5.7) by: 
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YExxz E 
I -v 0 
-v 10 
00 2(1+v) 
QU 
-E 
1 V'2 0 
V12 10 
003 1 
raX 
az 
tý 
(5.7) 
where ex, ez and yxz are plane strains ax, az and sxz are plane stresses and E and v 
are the elastic Young's modulus and Poisson's ratio respectively. 
The von Mises effective stress, au. at an equivalent strain, eu, is given by: 
au = (ax2+az2-axaz+3Txz2)yi (5.8) 
Equation (5.7) are expanded and two new variables, Es and vp, are introduced, 
defined in equations (5.9) and (5.10) below: 
Es = 
au 
Eu 
vp =2 {1 -E (1-2v)} 
This enables the matrix equation above to be rewritten as (5.11) below: 
I -vp 0 ax 
Ez =- -vp 10 az 
m 
Es 
00 2(1 +vp) zxz 
(5.9) 
(5.10) 
(5.11) 
The new system of matrix equations is inverted to give stresses in terms of strains, 
which is expressed in equation (5.12) below: 
vx 1 vp 0 Ex 
az 
Es 
2 vp 
10 ýz 
zxz (1-VP) 00 V2 (1-vp) VXz (5.12) 
The system of matrix equations is expanded to yield separate stress-strain equa- 
tions, given by equations (5.13-5.14) below: 
ax = 
Es 
2 
(£x'vpEZ) 
(1-vp ) 
oz = 
Es 
2 
(ez+vpex) 
0 -vp ) 
-Esvz Sxz = 2 (1 +vp) 
(5.13) 
(5.14) 
(5.15) 
Substituting the above equations into the effective stress equation given by (5.8) 
and substituting for the effective stress from equation (5.9), the equivalent strain at 
a given point can be expressed by equation (5.16) below: 
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tu =12 [(1-vp+vp2)(ex2+ez2)-(1-4vp+vp2)exez 
(1-vp ) 
+ 
3(1-vp) 
YxAV2 
4 (5.16) 
An additional assumption of plane strain in the z-direction enables Cz =yxz = 0, which 
simplifies the equivalent strain expression to be reduced to the following: 
_ 
1-v +v 2 
au (I 1-vp2) 
ex (5.17) 
For adherends in plane strain the following relations apply: 
az = vp ax (5.18) 
sxz =0 (5.19) 
The von Mises equation (5.8) simplifies to the following expression: 
au = ax (1-vp+vp2)vkz (5.20) 
Thus It Is apparent that If a valid mathematical function Is established to relate the 
effective stress and the equivalent strain, the same function with adjustment of the 
relevant constants, using equations (5.17) and (5.20), can be used to relate the 
x-direction stress and strain. To simplify the situation further, the plastic Poisson's 
ratio is assumed to remain at a constant level. 
Several continuous mathematical models were Investigated to assess their applica- 
bility In extending to a full non-linear analysis without great success. Attempts were 
made to provide explicit expressions relating adherend curvature and neutral axis 
offset with applied load using a simplified form of Ludwik's Power Law [50], a Voce 
Exponential Law [511, and the relation used to represent the adhesive non-linearity, 
Prager's Hyperbolic Tangent Law [52]. It was not possible to solve the equations 
produced using the above stress-strain models explicitly. To this end an elastic-per- 
fectly plastic bi-linear and a general bi-linear model incorporating strain hardening 
effects have been utilized. The more complex expressions of the general bi-linear 
approach simplify to those of the elastic-perfectly plastic analysis, and for this reason 
only the mathematical derivation of the FNLA using the general bi-linear stress-strain 
model is given In the following sections. 
5.2.1 Non-Specific Category Calculations 
The stress-strain curve model used for the adherends is assumed to be a general 
bi-linear one with an elastic modulus, Ea, a yield stress, ay, and a plastic modulus, 
Ep. The curve as modelled In this analysis is shown in Figure 35. 
The general bi-linear stress-strain curve model has been used In a bonded joint full 
non-linear analysis (FNLA) to produce functions relating the applied adherend 
tension and bending moment loading with the adherend curvature and the offset of 
the neutral axis caused by the combination of those loads. 
Since it is assumed that there Is a linear x-direction strain distribution across the 
adherend depth, with zero strain occurring at the shifted neutral axis position, the 
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Figure 35. General bi-linear stress-strain curve representation. 
strain, en, is related by the adherend curvature, K, to that distance, which is termed 
yn. 
Fn = Kyn (5.21) 
The stress at a distance yn, equal to the elastic semi-depth z defined in Figure 34, 
from the shifted neutral axis, by definition, is the adherend yield stress, ay. Therefore, 
the adherend curvature, K, is related to the elastic semi-depth by equation (5.22). 
Ea=g 
Kz (5.22) 
At a general distance from the neutral axis, yn, a stress, an, will exist, which If yn is 
greater than the elastic semi-depth, z, will be defined by the following relationship. 
an = ay + EpK (yn-z) (5.23) 
The adherend curvature, K, is replaced in equation (5.23) using equation (5.22), to 
produce the following equation. 
r 
an=ay+(Yn- 
- 
Ep where: r- 
(5.24) 
Ea (5.25) 
The general form of equation (5.24) is used to calculate the adherend surface 
stresses for use in the governing equations of the various stress distribution 
categories. The surface stresses, denoted by of and v2, are calculated by replacing 
yn in equation (5.24) by the distances to the upper and lower surfaces of the 
adherend respectively. 
The following four categories assume an adherend of depth, h, with a stress-strain 
curve such as the one shown in Figure 35, subjected to a tension load, T, and a 
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bending moment load, M, both applied in the positive sense. For any combination 
of applied load, one of the following stress distributions will be produced. 
5.2.2 Category 1 Stress Distribution: Fully Elastic Adherend 
Category 1 assumes an elastic stress distribution throughout the depth of the 
adherend. This category is the simplest to handle and the most common to occur 
in practice. The general stress distribution for this category used as a basis for the 
analysis derivation is shown in Figure 36. 
ay 
NA 
Q1 
02 
Figure 36. Category 1 stress distribution. 
The adherend surface stresses, al and a7, are calculated using equations (5.26) and 
(5.27). 
vt-h+ 
6M 
(5.26) 
T 
_6M ýh h2 (5.27) 
The neutral axis offset, and the elastic semi-depth are then calculated using equa- 
tions (5.28) and (5.29). 
e=h+ a2h 
2 (01-02) (5.28) 
vyh 
12M (5.29) 
The following inequalities must be satisfied for the successful solution of Category 1 
equations and exit from the general bi-linear adherend routine. 
I all < ay and 1a21 < ay (5.30) 
It should be noted that Category I equations are explicit and solutions are obtained 
without recourse to an Iterative solution method. The same situation arises with 
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Category 4, but categories 2 and 3 require a solution to be obtained using a 
commercial routine due to their complexity. 
5.2.3 Category 2 Stress Distribution: Yield At Both Adherend Surfaces 
Category 2 assumes a stress distribution which yields at both extreme fibres of the 
adherend, but has a central unylelded portion of depth 2z. The general form of the 
stress distribution for this category used as a basis for the analysis derivation is 
shown below in Figure 37. 
__i. i 
Figure 37. Category 2 stress distribution. 
The adherend non-linear surface stresses, i. e. the stresses above the yield stress, 
denoted by at and o2 for the upper and lower surfaces respectively, are calculated 
using equations (5.31) and (5.32), derived from equation (5.24), such that: 
M' 
z2 (5.31) 
a2 = 
La y h-e-Z 
z2 (5.32) 
The tension loading in the adherend at the given cross-section is expressed by 
considering a horizontal force balance of the x-direction stress distribution. The 
tension, T, is expressed in terms of the yield and surface stresses by the following 
expression: 
T= 2e lQy +tI 
al +02l } 
2J (5.33) 
The bending moment in the adherend at the cross-section of interest is expressed 
in a similar way by considering the moment about the original neutral axis of the 
adherend. The tension and moment expressions are rearranged and expressed as 
two simultaneous equations in terms of the unknowns e and z, which are given below 
in the following two expressions: 
Tz - evy {2z +r (h-2z){ =0 (5.34) 
e 
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(5.35) 
Equations (5.34) and (5.35) are solved fore and z using a NAG routine c05nbf [49]. 
The following inequalities must be satisfied for the successful solution of Category 2 
equations and exit from the general bi-linear adherend routine. 
le-zI s2 and a+zs2 (5.36) 
These inequalities are particularly important when solving the categories where 
more than one answer to the equations is possible, such as with Categories 2 and 
3. The NAG routine may provide a solution which satisfies equations (5.34) and (5.35) 
but does not satisfy criteria (5.36). If this is the case, the solution algorithm drops 
through to the next category In an attempt to establish a solution. If all categories 
fall to yield a satisfactory solution a second sweep of the NAG categories is made 
with different Initial guesses being made for each. 
5.2.4 Category 3 Stress Distribution: Yield at Upper Adherend Surface 
Only 
Category 3 assumes a stress distribution which yields at the upper extreme fibre of 
the adherend only, but again has a central unyielded portion of depth 2z. It should 
be noted that this unylelded portion will lie partially outside the adherend. The 
general form of the stress distribution for this category, used as a basis for the 
analysis derivation, Is shown below in Figure 38. 
Cl 
02 
Figure 38. Category 3 stress distribution. 
The upper and loweradherend surface stresses are given bythe following equations, 
which are derived from equations (5.24): 
h+e-z 
z2 (5.37) 
a'2-ý5L 
h-e 
z2 (5.38) 
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The tension loading In the adherend at the given cross-section is expressed by 
considering a horizontal force balance of the x-direction stress distribution. The 
tension, T, is expressed in terms of the yield stress, the neutral axis offset and the 
elastic semi-depth by the following expression: 
2zT + ay(1-r) 
2+e-z z- 2heay =0 (5.39) 
A moment expression is produced by considering the moment of the x-direction 
stress distribution about the original neutral axis. The general moment expression 
is reduced to the form: 
22 
6zM + oy(1-r)(h-e+z) I2 +e-z -ý 
2 (5.40) 
An attempt is made to solve equations (5.39) and (5.40), using NAG routine c05nbf 
[49], and subject to satisfaction of the following inequalities, a solution is said to 
exist and an exit is made from the general bi-linear adherend routine. Full details of 
the solution algorithm are given in Section 5.3. 
I@-2 I52 and @+Z z2 (5.41) 
5.2.5 Category 4 Stress Distribution: Fully Yielded Adherend 
The stress distribution shown in Figure 39 below shows the adherend to have yielded 
throughout its depth. Category 4 equations describe the solution of this stress 
distribution, but It should be noted that while it exists in theory, the consequences 
of such a stress distribution in reality would probably be failure In the adherend, and 
therefore its occurrence could be used to conclude joint failure. Category 4 occur- 
rences were noted during preliminary testing of the solution algorithm where the 
program was tested to extremes. It should be noted that the realistic load cases that 
have been used for analysis since this time have shown no reoccurrence of this 
category, it is felt that this Is due purely to the choice of load combinations to be 
applied to the joints. 
The adherend non-linear surface stresses, i. e. the stresses above the yield stress, 
denoted by at and o2 for the upper and lower surfaces respectively, are calculated 
using equations (5.42) and (5.43), derived from equation (5.24), such that: 
ot = 
ýTf h+e-z 
z2 (5.42) 
02 ,0fz 
(_I! 
+O_Z) 
(5.43) 2 
The tension in the adherend is expressed in terms of the yield and surface stresses 
by the following equation. 
T=h1ay+ 
( at2a2) 1 
(5.44) 
Chapter 5 Full Non-linear Design Analysis 
The Design of Structural Adhesive Joints Page 82 
Figure 39. Category 4 stress distribution. 
The moment expression about the original neutral axis yields z in the following 
relationship: 
haray 
z= 
12M (5.45) 
The neutral axis offset can also be expressed explicitly by rearranging equation 
(5.44) and substituting for the adherend surface stresses, such that: 
Z+17h, 5, } hroy (5.46) 
Category 4 equations are solved explicitly subject to the satisfaction of the following 
Inequality: 
ýe-Z1 Z2 
5.3 Description of Non-linear Solution Algorithm 
(5.47) 
The non-linear solution algorithm used In the FNLA follows the same basic approach 
of the NLAA, outlined In Section 4.5. As was discussed in Sections 5.1 and 5.2, the 
differential equations derived In Section 4.3 ((4.36), (4.37), and (4.40-4.43)) are used 
with the exception that equations (4.36) and (4.40) are replaced byfunctions relating 
applied load in the adherends with the first and second derivatives of shear and 
transverse strain respectively. 
Figure 40 shows the flowchart of routine FCN which provides the calculation of the 
general first derivative equations in the FNLA. The NAG routine used to solve the 
non-linear equations requires such a routine to provide approximations to the central 
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Figure 40. Flowchart showing the first derivative calculation algorithm. 
difference operators used In the Finite Difference Method (FDM). The routine is 
entered from within the NAG routine, and the arguments passed describe the present 
best estimate for the problem variables at a given coordinate. The six estimates of 
the dependent variables are then used to calculate the first derivative values at the 
specified coordinate. 
The problem variables passed describe the strain in the adhesive, defined by the 
transverse and shear strains, and the adherend loading, defined by the tension, 
shear force and bending moment In the upper adherend at the given coordinate. 
Initially the equivalent strain in the adhesive, which Is assumed to be a function of 
the transverse and shear strains, Is calculated using equation (4.30) or (4.31), 
dependent on the adhesive stress state assumptions. From the calculated equivalent 
strain, a value of effective stress is established using the representation assumed 
for the adhesive material. 
The adhesive material property data is represented by a mathematical model of the 
stress-strain curve. A similar mathematical model to that used in the NLAA is used 
here: the Prager model [52). A small modification to the Prager model is introduced 
to allow a closer fit to the likely adhesive stress-strain curve. The modified curve, 
allowing representation of adhesive stress hardening, is given by: 
au =A tanh 
E+-E eu + Epeu 
A (5.48) 
Where au and su represent the uniaxial stress and strain respectively, and Ea and Ep 
represent the elastic Young's modulus and the plastic modulus of the adhesive 
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Figure 41. Flowchart describing the bi-linear solution algorithm to calculate 
the adherend curvature and neutral axis offset. 
respectively. A represents the limiting horizontal stress asymptote, which would be 
reached if no strain hardening was assumed. 
When the effective stress is established, it is In turn used to provide an associated 
value of secant modulus. The secant modulus is necessary to establish the first 
derivatives of strain In equations (4.41-4.43) defined in Section 4.3. 
The remaining first derivative equations utilize the loading in both adherends and 
the joint geometry. As only the upper adherend loading values are included as 
dependent variables, it is necessary to calculate the lower adherend values of 
tension and bending moment. A simple horizontal force balance is assumed for the 
joint, and equation (4.16) yields the lower adherend tension. Moment equilibrium 
taken about the neutral axis of the lower adherend, given by equation (4.18), enables 
the lower adherend moment to be calculated. 
The values of adherend loading are used in conjunction with the joint geometry and 
the adherend material properties to establish the strain distribution through the 
depth of each adherend. The differences in the values of interface longitudinal strain 
and adherend curvatures are fundamental to describing the adhesive strain distribu- 
tion (see equations (5.1-5.4)). A routine has been written to supply the necessary 
parameters that describe the strain distribution in the adherends of a general joint 
for all possible load combinations. 
ROUTINE BILINEAR 
rrPUr LOADING GEOMETRY AND 
MATERIAL PROPERTY DATA 
SOLVE CATEGORY 1 EQUATIONS (EXPUC1) 
EOUATIONS SOLVED AND KAND " VAUD 
I iOLVE CATEGORY 4 EOUA71pNg (FXPIJC1fa 
I 
EOUATION8 BOLVED AND K AND 9 VALID 
I 
EQUATIONS SOLVED AND K AND " VALID 
I 
BTOP 
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The strain distributions are assumed to be defined uniquely by the adherend 
curvature and offset of the neutral axis under the given applied load. The routine 
assumes the adherend stress-strain curve to be represented by the general bi-linear 
curve shown In Figure 35. 
A schematic representation of the bi-linear routine is shown in Figure 41. The 
bi-linear routine utilizes a simple approach to establish the stress category and the 
. corresponding adherend 
factors used to define the strain distribution. Each stress 
category in turn is assumed to satisfy the conditions of load at a given point. Referring 
to Figure 41, it Is noted that an attempt is made to solve Category 1 equations 
Initially. Category 1 equations are solved explicitly and also occur most frequently, 
and for time reasons It is most efficient to attempt an initial solution using them. 
Category i equations are given in Section 5.2.2. The solutions obtained for this 
category are considered to be valid If both the adherend surface stresses are 
calculated to lie within the yield stress of the material. If this is the case the bi-linear 
routine is exited and the first derivative routine is re-entered. 
If, however, the Category 1 equations are shown not to be valid, solutions are 
obtained for the only other set of explicit equations, which describe the Category 4 
stress distribution. As before, if a solution is obtained, subject to the given limits in 
Section 5.2.5, the routine is exited and the first derivative routine Is re-entered. Failure 
to solve either set of explicit equations Implies that one of the more complex stress 
distributions is present in the adherend, as denoted by Categories 2 and 3. 
The equations for Categories 2 and 3 are solved using a NAG routine for the solution 
of transcendental equations [49]. The routine used requires an Initial guess to be 
supplied for the unknown variables, and is susceptible to variations in the magnitude 
of these initial guesses. Initial values of the unknown variables are assumed, and the 
NAG routine Is used to provide solutions to the Category 2 equations. If valid 
answers are established, according to the equations in Section 5.2.3, the adherend 
curvature and neutral axis offset values are returned to the first derivative routine. 
However, if no answer is obtained, or the solutions are invalid, then an attempt is 
made to solve the Category 3 equations of Section 5.2.4, using the same NAG 
routine with the same Initial guesses. As before, If a valid solution is obtained, control 
Is reverted to the first derivative routine, and solution proceeds. However, If no valid 
solution Is obtained, it is necessary to alter the initial guess for the NAG routine, and 
a further attempt is made to solve Category 2 and 3 equations. 
The algorithm used to establish the initial guess for the NAG routine is simple. An 
initial guess is made to the neutral axis offset using a set fraction of the adherend 
thickness. A corresponding estimate of the elastic semi-depth, which is inversely 
proportional to the adherend curvature, is then calculated based on the inequalities 
In Sections 5.2.3 and 5.2.4. If further attempts at solution are required, the initial 
estimate of neutral axis offset is Increased by a constant factor. If no solution is 
obtained to either Category 2 or 3 equations after a pre-defined number of attempts, 
the solution is aborted. After extensive use of this algorithm, a load combination has 
not been found which defeats the solution method. However, the method is a little 
cumbersome and further work is required to improve the overall efficiency. 
On return to the first derivative routine, shown in Figure 40, after successfully 
establishing curvature and neutral axis offset values for upper and lower adherends, 
the first derivatives of all dependent variables are calculated at the section of interest. 
The solution method then proceeds as with the NLAA. The general non-linear 
solution method used In the NLAA is discussed fully in Section 4.5. 
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5.4 Finite Element Validation of Full Non-linear Solution 
To assessthe accuracy ofthe results predicted using the FNLA it has been necessary 
to carry out certain benchmark tests. The principal comparison work has been 
carried out using the finite element method. 
The theory proposed for the FNLA has been benchmarked using two cantilever 
beam analyses. Comparisons of FNLA and FEM results at three different load levels 
have been carried out using both plane stress and plane strain assumptions. Some 
interesting differences in the stress distributions In the cantilever at these different 
load levels have been highlighted in this way. The analyses are outlined and 
discussed in Section 5.4.1. 
Further benchmark work has been completed by condsidering a full sandwich 
configuration. In this way the usefullness of the FNLA was assessed in a typical high 
strain bonded joint application. The full sandwich analysis is discussed in Sec- 
tkm 5.4.2 
5.4.1 Cantilever Theory Benchmark 
The cantilever beam used for this comparison was modelled with a length of 25 mm 
and a depth of 4 mm. The cantilever was loaded at the tip with a bending moment 
and tensile force combination. 
The finite element mesh used to model the cantilever consisted of 400 eight-noded 
quadratic isoparametric membrane elements of size 0.5 mm by 0.5 mm. The aspect 
ratio of all the elements was maintained at 1: 1. The model consisted of 1317 nodes 
in total. 
The loads were applied as three single concentrated forces at nodes in the 5 mm at 
the right end of the model, i. e. at the opposite end to the model restraint. Local 
variations in the stress distribution caused by the application of these point loads 
were ignored by considering only the stress and strain distributions at stations 5,10 
and 15 mm from the partially built-in left end of the cantilever. The first force was a 
tensile force in the longitudinal direction of the cantilever. The second and third 
forces causing a bending moment by applying two opposing vertical transverse 
forces at an offset, or moment arm of 5 mm. 
Table 7. Cantilever benchmark load level details 
Load Fraction Tension Bending 
Level of Cr) Moment 
Number Total Load (N/mm) (M) 
Nmm/mm) 
1 0.40 240 510.00 
2 0.60 360 765.00 
3 1.00 600 1275.0 
Results at three load levels were considered. The first load level giving a Category 1 
stress distribution, with the applied load insufficient to yield the adherend at either 
surface. The second load level was sufficient to yield the cantilever at one or both 
surfaces depending on the assumed stress state, giving either a Category 2 or a 
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Category 3 stress distribution. The final load level applied sufficient load to yield the 
cantilever at both extreme fibres. The three load levels are summarized in Table 7. 
The total load was applied in 16 increments. The first increment applying 25% of the 
total load, with subsequent increments applying a further 5% of the total load each. 
Newton iteration was used for each increment, which was considered to have 
converged when the displacement normal and residual normal were reduced to 
within 0.1 % and 2.5% respectively. 
The cantilever was constrained at the left end of its length by supporting the central 
node across Its depth In both x- and y-directions, and each node at x=0.0 mm in 
the x-direction only. In this way the cantilever was able to contract and expand In 
the transverse direction. 
The cantilever was modelled with steel material properties. The material stress-strain 
curve was represented by a general bi-linear approximation with a single strain 
hardening portion. The elastic section was defined with a Young's modulus of 
207000 MPa and the plastic portion with a modulus of 5000 MPa. The steel was 
modelled with a yield stress of 300 MPa. 
Stress and strain results in the x-direction from the finite element analysis were 
initially plotted at three different locations along the cantilever, at 5,10 and 15 mm 
from the buUt-in end. Identical loads were applied using the non-linear adherend 
algorithm of the FNLA, and the corresponding x-direction stress and strain results 
were reconstituted from the curvature and neutral axis offset results at each location. 
The finite element stress and strain results in the cantilever away from the point of 
load application were noted to be Identical at each chosen section, therefore only 
results at x=5.0 mm were plotted and compared with the FNLA results. The stress 
and strain results at x=5.0 mm are shown In Figure 42 and 43 respectively. 
Analyses identical to those described for plane stress assumptions have been 
completed for the plane strain case. The assumption of plane strain In the cantilever, 
causes the x-direction yield stress, utilized to calculate the stress distribution in each 
adherend, to be raised to a level above the uniaxial yield level. Stress and strain 
distributions are shown in Figures 44 and 45 respectively. 
The benchmark work was completed using the LUSAS [53] finite element package. 
The results shown in Figures 42 to 45 show the FEM results as symbols and the 
FNLA results as lines. The results for both the plane stress and plane strain cases, 
show that the general theory with the associated assumptions, provides very close 
agreement between the FNLA and the FEM for the case of a simple cantilever. 
The results also showed the choice of the value of plastic Poisson's ratio in the plane 
strain caseto be critical tothe accuracy of the final solution. The FNLA which requires 
a value of plastic Poisson's ratio to be specified in the data file, was used to establish 
the most appropriate value for this parameter. Different values of Poisson's ratio in 
the plastic regime were assumed for the FNLA. The values ranged from the elastic 
value, which for steel was 0.3, through to the maximum practical value of Poisson's 
ratio of 0.5. When the FNLA results were compared with the FEM it was clear that a 
value of Poisson's ratio in the non-linear regime of approximately 0.47-0.50 provided 
the closest results. The comparisons shown in the figures above utilize a value of 
plastic Poisson's ratio of 0.47, and this can be seen to show very close agreement. 
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Figure 42. Cantilever benchmark x-direction direct stress distributions 
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Another interesting point is the difference in the stress and strain distributions shown 
for the different stress-state assumptions in the cantilever. In assuming a state of 
plane strain to exist in the cantilever, the value of yield stress, expressed in terms of 
the x-direction direct stress is adjusted upwards. In this case, with a non-linear value 
of Poisson's ratio of 0.47, the yield stress is adjusted from 300 MPa to approximately 
346 MPa. 
This upward adjustment of the yield stress in the plane strain case allows a much 
higher level of load to be sustained before the cantilever yields at the outer surfaces. 
Referring to the plane strain case, shown in Figure 44, it can be seen that the stress 
distribution caused by the same moment and tension loading, at level 3, is markedly 
different from the equivalent plane stress distribution shown in Figure 42, with the 
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Figure 45. Cantilever benchmark x-direction direct strain distributions (plane 
strain). FEM results denoted by symbols. 
plane strain case allowing a greater level of 'elastic reserve' to be established before 
the onset of yield. 
In addition, and perhaps more importantly, the curvature of the cantilever in the plane 
strain case, is less than that noted in the plane stress case for equivalent levels of 
load, and therefore, the strain distributions noted in the plane stress comparisons, 
shown In Figure 43, are at a consistently higher level than the plane strain distribu- 
tions, shown in Figure 45 . 
These comparisons serve to show the importance of the choice of the assumption 
of the stress state in an adherend when using the theory validated above. 
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5.4.2 Full Bonded Joint Sandwich Benchmark 
To assess the usefulness of the FNLA when used in a typical bonded joint applica- 
tion, a full bonded joint sandwich benchmark was completed. A detailed fully 
non-linear FEM analysis of a simple adherend-adhesive overlap under general 
loading was carried out. 
Table S. Sandwich parameters 
Adherend-Adhesive Sandwich Param eters , mm units) 
Adherent! Details Non-linea r Adhesive Details Non-linesr 
Young's Modulus Eat 2 207000 Young's Modulus Ea 5739.8 
Yield Stress tayl, 2) 300 As totic Stress (A) 65.25 
Plastic Modulus (Epi, 2) 5000 Plastic Modulus E 380.57 
Poisson's Ratio vI 2 0.3 Poisson's Ratio va 0.37 
Plastic Poisson's Ratio 0.47 Plastic Poisson's Ratio 0.47 
Thickness NA 2.0 Com Rens Yield Ratios 1.0 
C)verIap Length 12.5 Thickness (t) 0.1 
General Lap-Joint Loading N, mm un its 
Upper Left Adherend Loads Lower Right Adherend Loads 
Tensile Force i 187.75 Tensile Force 22 187.75 
Shear Force 21.97 Shear Force 22 21.97 
Banding Moment M» -334.45 Bending Moment M22 334.45 
The sandwich is described in Table B. The material property data, geometry and 
loading Information Is also given. The joint represents an epoxy-steel joint of 
12.5 mm overlap length. The adherends are 2 mm thick, and the glue-line has a 
thickness of 0.1 mm. Unit thickness is assumed In the z-direction, as the FEM 
analysis assumes plane strain In the x-y plane, as defined in Figure 9. 
Although, the joint geometry and the material properties were symmetrical, it was 
necessary to model all of the overlap length In the FEM analysis. This is because of 
the antisymmetric nature of the applied loading and the positioning of the necessary 
supports. The finite element model, was again of a similar design to that shown in 
Figure 23, with equal and opposite balanced loadsapplied across the faces at the 
left end of the upper adherend and the right face of the lower adherend. 
Due to the non-linear nature of the analysis, care must be taken when applying the 
load to the adherend ends in the FEM analysis. As adherend non-linearity is being 
modelled, it is necessary to apply a non-linear stress distribution, equal to the 
superposition of the individual load components. Special care was taken to provide 
load values which gave a general bi-linear stress distribution with discontinuities of 
stress that coincided with exact nodal positions. In this way no errors were intro- 
duced due to discrepancies in the exact stress distribution applied. 
The loads, again as with earlier FEM analyses, were applied directly as nodal 
concentrated loads, calculated to exactly apply the necessary stress distribution. 
As equal and opposite balanced loads were applied at opposite ends of the joint it 
was only necessary to support two nodes of the mesh, to constrain the system in 
space. The reactions at both these positions were seen to be zero on completion of 
the analysis. 
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Figure 48. Comparison of stress-strain curves used to model the adhesive 
layer in the full sandwich FNLA benchmark. 
The FEM analysis work was once again completed using the LUSAS [53j program, 
In which the stress-uniaxial plastic strain curve of the adhesive was approximated 
by ten straight line segments, as shown in Figure 46. The total load was applied in 
three increments, at levels of approximately 0.49,0.97 and 1.0 times the total load. 
Convergence was achieved at each load level within 5,7 and 6 Newton iterations 
respectively. 
The results of the plane strain FEM analysis were compared with results from a plane 
strain FNLA of a similar joint configuration under the same overall loading. Figure 47 
shows the stress distribution found in adhesive semi-overlap for the joint and loading 
described in Table S. Figure 48 shows the strain distribution for the same joint. 
It should be noted that the non-linearity in the joint configuration chosen is extreme, 
and that the adhesive, If not the adherend, being modelled here would certainly have 
failed long before this stress level was achieved. The benchmark has been chosen 
chiefly to show the problems inherent in the FNLA at extreme levels of strain. The 
usefulness of the FNLA is fully demonstrated in Chapter 7, where the failure criteria 
test programme provides, not only practical joint applications, but much more 
realistic strain levels in both the adherends and the adhesives. 
With these thoughts in mind, this FEM analysis of a full non-linear bonded joint 
configuration has shown some possible limitations in the use of the FNLA when 
comparing results in regions of high stress concentrations, such as singularity points 
at the square end of an adhesive overlap. Figure 47 shows reasonable agreement 
between the FNLA and the FEM, for both transverse and shear stress components 
in the adhesive layer. 
The strain distribution comparisons shown in Figure 48 show reasonable agree- 
ment between the FEM and the FNLA even for the high level of strain modelled. To 
assess any possible limitations in the FNLA or the FEM, a detailed investigation of 
the stress and strain distributions in the adherend has been completed. 
The stress and strain distributions across the adherend at four points along the 
overlap, measured from the point of the applied load, are shown in Figures 49 and 
50 respectively. The stress and strain distributions were sampled at four points, at 
x=0.521,1.042,2.083 and 2.604 mm respectively. The stress comparisons between 
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Figure 48. Adhesive transverse and shear strain distributions predicted by 
the FEM and the FNLA in the sandwich benchmark. Due to symmetry only 
the semi-overlap Is shown. 
the FEM and the FNLA, shown in Figure 49, show close agreement for the range of 
different stress categories found in the close vicinity of the adhesive terminus. Closer 
scrutiny shows that the distributions closest to the end of the overlap have a more 
rounded nature in an actual joint situation than that predicted by both the FNLA, and 
the FEM, when used to model a non-linear cantilever with no interaction of an 
adhesive layer. Further, the strain distribution, shown in Figure 50, shows that the 
strain level achieved by the FNLA is not sustainable In the FEM analysis of the same 
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configuration. The FEM distributions show that the assumption made in FNLA that 
plane sections remain plane and, therefore, that the strain distribution across the 
adherend remains linear is not fully valid in a high strain application such as this. 
Since the theory was fully validated for a simple cantilever, it has been shown that 
in a realistic joint situation the stress state in the adhesive layer has a significant 
effect on the adherend stress and strain levels. The shear deformation in the 
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adherend, which causes the discrepancies In the distributions, can only be caused 
by the interaction of the adherend and the adhesive across the Interface. 
it is possible that the discrepancy is not strictly due to limitations of the FNLA. The 
FEM assumes that a continuum Is being analyzed, and the difference In material 
properties noted across a bi-material Interface, such as the one found between the 
adhesive and adherend In a bonded joint, does not strictly conform to this basic 
assumption. The FNLA, which considers the adherend and adhesive layer separate- 
ly, may provide a simplified but more physically realistic model. 
The lack of refinement In the FEM mesh In the region of the adherend-adhesive 
interface could have caused artificial stiffening of the model in this region. This is 
represented by the rather exaggerated way that the shear effects of the adhesive 
layer reduce the strain levels well into the adherend. It Is proposed that any further 
work in this area should Include much greater refinement, not only at the ends of 
the overlap, but also at the Interface. 
Further work is, therefore, required to establish the exact reason for the discrepancy 
as there was Insufficient time during the period of research presented here to fully 
investigate the situation. Possibly, the modelling of a bi-material Interface with the 
FEM should be more closely Investigated, or more likely, that shear deformation 
effects should be included in the FNLA. 
In conclusion, it should be noted that the added complexity of non-linear adherend 
material properties, although predicting the stress and strain levels slightly more 
accurately than the NLAA, produces inaccurate strain distributions in the adherend 
at high strain levels. For this reason further work is required to improve the model 
used as the basis of this analysis. 
5.5 Comparison of Full Non-linear Analysis and Finite 
Element Analysis 
It is interesting to compare the Full Non-linear Analysis (FNLA) described in Chap- 
ter 5 with the finite element method (FEM) In terms of the time taken to complete an 
analysis and the memory requirements for a typical bonded joint configuration. For 
the sake of this comparison, the analysis Is considered to be split Into three main 
sections. model preparation time, program run-time and results evaluation time. 
These are discussed below basing the data where possible on the analysis of the 
cleavage test carried out In Chapter 7. 
Preparing data for the FNLA Involves the use of a standard file editor to assign the 
relevant geometry and material property data into a standard format file to be read 
by the analysis program at run-time. The FNLA data file consists of approximately 
a dozen lines representing a total of 0.3 K-bytes of data. However, for the FEM a 
pre-processing package, such as PATRAN [54], is necessary to generate the 
required nodes, elements, loads, constraints and elastic material properties that 
constitute a finite element model. The double cantilever beam model discussed in 
Section 7.4.1 consists of about 1500 nodes and 500 elements and requires approxi- 
mately 100 K-bytes of storage. It is usually necessary to run an Interface program 
to prepare a data file In the correct format for use by the FEM package. Finally the 
non-linear material property data Is added by editing the prepared data file manually. 
It is dear therefore that model preparation time Is considerably longer for the FEM 
than the FNLA. Table 9 shows an estimate to be of the order of 25 to 1. 
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The equations generated in the FNLA are only one dimensional and thus the 
necessary solution time Is much quicker than In the FEM which solves a two 
dimensional problem. Further, the amount of memory required will also be greater 
for the FEM analysis. Considering non-linear solutions, using both techniques, of 
the analyses of the cleavage test configuration presented In this chapter shows that 
the FNLA required 300 K-bytes of memory and 6 CPU seconds for execution while 
the FEM required 18000 K-bytes and approximately 200 CPU seconds respectively. 
It should also be noted that In most establishments analyses that are as CPU 
intensive as the FEM will be required to run as a background job where priority is 
lower and thus run-time longer still. Table 9 shows the relative run-times and memory 
requirements for the analysis stage of the procedure. 
Results from the FNLA are output In format which allows direct conversion to a 
spreadsheet package. Typically, values of adhesive stress and strain components 
and adherend loading and deflection data would be output at all points on the final 
mesh produced during the finite-difference process. This requires about 8 K-bytes 
of memory. it is necessary to transfer the results No from the FNLA from the 
Mainframe computer, where the FNLA program resides, to an IBM-compatible 
personal computer in order to use the spreadsheet program to produce graphical 
representations of the stress and strain data in the adhesive layer and of the load 
distribution along each adherend. This stage of the FNLA takes about 30 minutes. 
The FEM results consist of numerous displacement, stress and strain components 
at each node and integration point and requires approximately 800 K-bytes of 
storage. \The results are evaluated using a post-processing package and it is 
necessary to run an interface program to produce results files In the correct format 
for this. The post-processor package allows stress and strain data throughout the 
model to be assessed graphically. An estimate of the time required to process the 
results would be 120 minutes or more. 
Table 9. Comparison of FNLA and FEM 
Section 
of 
Analysis 
Time 
Requirements 
minutes 
Memory 
Requirements 
(K-b es 
FNLA FEM FNLA FEM 
Model Pre ration 5 360 0.3 100 
Analysis 0.1 3.33 300 18000 
Assessment of Results 30 120 8 800 
it can be concluded from the points raised above that use of the FNLA is much 
quicker than an equivalent FEM analysis of a bonded joint. Also, the memory 
requirements for the FNLA are shown to be much less. 
5.6 General Discussion and Conclusions 
The following conclusions can be drawn from the use of the analysis presented in 
this chapter of the thesis: 
1. A theory has been proposed, together with a supporting software analysis 
package, called the FNIA, which allows the analysis of general bonded 
joint configurations considering full non-linear material properties. 
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2. The FNLA allows the continuous modelling of the stress state in the ad- 
hesive, with both components of stress contributing to the yield of the ad- 
hesive. The non-linear effects of both are modelled. 
3. The theory for the non-linear adherends has been fully validated using the 
FEM for both plane stress and plane strain. Close agreement has been ob- 
tained. 
4. The stress state assumed in the non-linear adherend theory has been shown 
to have a significant effect on the predicted levels of stress and strain at 
the adherend-adhesive interface, with plane strain assumptions reducing 
the overall stress and strain levels significantly over those predicted using 
plane stress assumptions. 
5. Further work is required to establish a more efficient solution method for the 
equations describing the Category 2 and 3 stress distributions. The current 
method using a NAG routine Is slow and a little cumbersome. 
6. The proposed theory uses a general bi-linear approximation to the adherend 
stress-strain curve. The analysis equations simplify to those of an elastic- 
perfectly plastic analysis when no strain hardening effects are considered. 
7. The FNLA provides reasonably accurate modelling of a bonded joint in high 
strain applications, and has shown reasonable agreement with the FEM in 
a typical joint situation. The stress and strain distributions predicted by the 
FNLA at high levels of strain differ from those predicted by the FEM In cer- 
tain minor respects. The assumption made in the FNLA that the strain dis- 
tribution in the adherend remains linear, does not hold in these situations. 
Since the interface strains and curvature are in error, the strain In the ad- 
hesive, which Is calculated directly from these values, is also in error. 
8. The FNLA is perhaps too sensitive to errors in the adherend curvature, and 
the predicted theoretical strain levels cannot be reached due to the unex- 
pectedly significant effect of the Interaction of the adhesive layer. As was 
discussed, this effect could be a function of the discretization of the FEM 
mesh, and further work is required to investigate the interface effects. 
9. The FNLA provides slightly more accurate stress results than the NLAA, but 
the improvement is slight, when compared against the increase In analysis 
times over the NLAA. Both analyses are still much quicker than the FEM. 
10. The averaged stress of the FNLA provides close agreement when com- 
pared to the results of a non-linear material FEM analysis. On comparison 
with the FEM, the FNLA has been shown to be much quicker, ranging from 
4 to 60 times quicker. The computer memory requirement has also been 
shown to be much less for the FNLA when compared to the FEM. 
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6. FAILURE CRITERIA TEST 
PROGRAMME 
6.1 Introduction 
The literature survey undertaken at the beginning of this project and discussed in 
Section 2.3 highlighted the limited knowledge of adhesive joint failure mechanisms. 
it is also evident that no satisfactory failure criteria have been proposed to describe 
the failure of a general joint configuration. 
An experimental test programme with associated analytical work was designed with 
the objective of studying the failure criteria applicable to bonded joints. The ex- 
perimental study was designed to establish the failure characteristics of the joint and 
the analytical finite element study to assess the relevance of various criteria which 
might be used to quantity failure. This chapter describes the detail of the test 
programme, and Chapter 7 includes details of the accompanying analysis pro- 
gramme. 
Sections are included describing the specification of the test programme undertaken 
in an attempt to establish a failure criterion or criteria to be used for bonded joints. 
Full details of adhesive selection are included in Section 6.3, and adherend material 
selection, and test coupon design details are included in Section 6.4. Particular 
attention is paid to the method of manufacture of the adherend, and to the manu- 
facture of the ultimate test coupon. 
The test programme Is specified fully hi the next section, where the method of joint 
loading Is discussed. Full details of the design of each test method, the test 
procedure and test results are given In Sections 6.5 and 6.6. The results of the test 
programme are then analyzed and discussed In Section 6.7. Particular attention is 
paid to the failure surfaces of the test pieces and the validity of the batch results. 
6.2 Failure Criteria Test Programme Specification 
To facilitate the finite element analysis it was necessary to use a simple geometric 
specimen. A simple sandwich configuration was used in each programme of testing. 
In order to fully Investigate the mechanisms of failure of a bonded joint it is first 
important to isolate the factors which, when varied, may cause differences in the 
mode or type of failure. These factors are likely to include: 
Adherend Stiffness: this is assessed by using adherends of varying 
thicknesses; 
Adhesive Ductility: this can be assessed by using different types of 
adhesive with different levels of strain and plastic deformation to failure; 
Loading Conditions: which can be assessed by loading the joint in 
various modes or combinations of modes. 
There will be more factors that effect the characteristics of failure of the joint such 
as glue-line thickness, cure cycle, adherend surface preparation and strain rate. 
Chapter 6 Failure Criteria Test Programme 
The Design of Structural Adhesive Joints Page 99 
These were not considered due to time limitations and the joints were carefully 
manufactured and tested to reduce the effect of any one of these factors to a 
minimum. Surface preparation, glue-line thickness and cure cycle were all carefully 
monitored and kept constant during the manufacturing process. The strain rate was 
also kept largely constant during the test programme except when the results of a 
certain test batch were consistent enough to allow a small amount of variation to 
assess Its effect. 
The three adhesives chosen were all Permabond products. The first adhesive is a 
standard epoxy resin (E27), which Is a non thixotropic two part adhesive capable of 
room temperature cure. The E27 adhesive is of average strength and ductility for an 
unmodified epoxy resin, having a Young's modulus of approximately 2850 MPa. A 
single part, rubber-modified toughened epoxy-resin adhesive (ESP105T) of heavy 
paste consistency was chosen to provide a contrast with the E27 In strength and 
stiffness. The ESP105T adhesive is stiffened by the addition of an aluminium filling 
and has a Young's modulus of 5740 MPa. In contrast to both of the epoxy resins 
above an epoxy-acrylic hybrid (VOX501) was also chosen. The VOX501 exhibited 
extremely ductile properties and a very short elastic section on Its stress-strain curve. 
The young's modulus of the VOX501 was estimated as 395 MPa. A more detailed 
description of the adhesives used in the test programme is given In Section 6.3. 
P 
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Pi Figure 51. Mods I and 11 types of loading. 
The loading, which was felt to play a large part In determining the failure charac- 
teristics of the joint, was the most difficult factor to quantify. The mode of loading 
was felt to be the important factor and it was decided to subject the test coupons 
to both predominantly mode I (peeling) and predominantly mode II (shearing) types 
of loading defined In Figure 51. Any relation between mode of loading and failure 
characteristics would then be pronounced. 
The two distinct modes of loading were applied using two separate tests. To ensure 
that the geometry of the manufactured coupons, and therefore the FEM models of 
both the mode I and mode II test pieces were the same, it was decided to utilize the 
same basic coupons for both tests. Predominantly mode I loading was applied using 
the equivalent of a Double Cantilever Beam (DCB) test, designated peel in Table 10. 
The necessary design of end fixings to convert the general test coupon into a DCB 
coupon is outlined in Section 6.5. Mode II loading was applied using a modification 
of the ASTM D905-49 thick adherend compressive shear test, designated shear in 
Table 10. The design of thistest is outlined in Section 6.6. Table 10 shows a summary 
of all the test configurations. The factors varied for each batch of test specimens are 
shown. 
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Test 
Configuration 
Number 
Mode I 
or 
Mode ii 
Adhesive 
Type 
Adherend 
Thickness 
Test 
Batch 
Configuration 
1 Mode I ESP105T 3.00 PESP3 
2 Mode I E27 3.00 PE273 
3 Mode I VOX501 3.00 PVOX3 
4 Mode I ESP105T 4.75 PESP4 
5 Mode I E27 4.75 PE274 
6 Mode I VOX501 4.75 PVOX4 
7 Mode II ESP105T 3.00 SESP3 
g Mode II E27 3.00 SE273 
9 Mode 11 VOX501 3.00 SVOX3 
10 Mode 11 ESP105T 4.75 SESP4 
11 Mode 11 E27 4.75 SE274 
12 Mode II VOX501 4.75 SVOX4 
It was decided to manufacture fifteen Joints of each test configuration. This number 
of test specimens was manufactured to allow possible errors in the manufacturing 
process and the test procedure to be sustained and leave sufficient test coupons to 
allow consistency to be established. 
6.3 Adhesive Selection Details 
The adhesives used In the failure mechanism test programme were chosen to exhibit 
varying degrees of ductility, which was one of the factors considered to affect the 
failure mechanism of a bonded joint. They were also chosen to ensure good 
adhesion to the adherend surfaces and therefore to give cohesive failure for each 
of the test configurations. The final factor affecting adhesive choice was the ease 
with which bulk specimens could be produced by a small-scale casting technique 
which required the adhesives to exhibit very little exotherm during the curing 
process. Bulk specimens were required to establish the material characteristics by 
tensile test for use in the analysis programme of the failure criteria test programme. 
Many adhesives were initially considered, but after consultation with Permabond 
Adhesives Ltd, who agreed to provide bulk property specimen blanks, the following 
three different types of adhesive were decided upon. 
A standard epoxy resin (E27) which is a clear two part adhesive capable of room 
temperature cure and is non-thixotropic and so suitable for casting into bulk 
specimens. The adhesive is of average strength and ductility for an unmodified 
epoxy resin. A similar adhesive from Permabond's E range of epoxy adhesives was 
initially considered (El 8) but difficulty was experienced during the curing of the bulk 
specimens and excessive bubbling was produced. 
A single part, rubber-modified, aluminium-filled toughened epoxy-resin adhesive 
(ESP105T) of heavy paste consistency was chosen to provide a contrast with the 
E27 in strength and stiffness. The ESP105T is a heat-cure adhesive with a controlled 
curing cycle converting it into a high performance adhesive capable of bonding to 
a wide variety of surfaces. At a temperature of 150°C, ESP105T has a gel time of 
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5 minutes and a cure time in an air circulating oven of 45 minutes. The single part 
format provides simplified assembly, with no mixing necessary, and the heat cure 
enables accurate component jigging with no limitations on time. It had Initially been 
hoped to avoid heat cure adhesives as these have been shown to introduce thermal 
stresses, but most adhesives of the strength required were heat cured. The thermal 
stresses are introduced Into the joint when the temperature is reduced from the 
stress-free state at the cure temperature. The major problem with thermal stresses 
arises because of the differential straining present when adherends of different 
coefficients of expansion are used. Since the same aluminium alloy was to be used 
for all the adherends In this programme of work, differential straining was not felt to 
be a problem. However, since the ESP105T has a fairly high curing temperature of 
150°C, it was felt necessary to carry out a thermal analysis of the sandwich 
configuration of the test coupons to assess the thermal stress levels Introduced 
during the cure cycle. The analysis showed a uniform shear stress In the adhesive 
layer of approximately 4 MPa. This was considered an acceptable level of stress and 
so the adhesive was selected. 
In contrast to both of the above an epoxy resin-acrylic hybrid (VOX501) was also 
chosen. This Is an experimental adhesive exhibiting good shear strength and 
resistance to peeling. VOX501 exhibits room temperature cure properties incorpor- 
ating a gel time of approximately 20 minutes and a handling time of 10-30 minutes. 
The handling time is the time after the joint has been assembled beyond which 
sufficient bond strength has been reached to allow careful handling. VOX501 also 
exhibits thixotropic gap filling capabilities and Is multi-purpose In that it bonds most 
engineering materials. The adhesive also'has the ability to bond poorly prepared 
surfaces, although it was hoped to exclude this form of added Influence on joint 
strength by careful surface preparation. An easy to use pre-mix system Is incorpor- 
ated with this type of adhesive, consisting of a two chamber cylinder from which the 
adhesive is extruded in a nominal 10: 1 mix ratio of adhesive to Initiator. The mixture 
ratio for VOX501 is not critical to the final performance with ± 10% being acceptable. 
6.4 Test Coupon Details 
6.4.1 Design of the General Test Coupon 
To ensure that the manufactured coupons, and therefore the basis for the FEM 
models of both the mode I and mode II test pieces, were the same it was decided 
to utilize the same basic coupons for both tests. The details of the adherend 
machining and the overall dimensions of the test coupon, with the optional holes for 
the peel specimIns, are given In Figure 52. It was decided to use a square bonded 
area of 625 mm (1 square Inch) for all test pieces, and two separate thicknesses 
were used to model a variation In adherend stiffness. 
The test coupons were manufactured from aluminium alloy 2014-T6, which is an 
aerospace specification alloy used In numerous adhesive tests. The aluminium alloy 
was supplied In 4.75 mm thick (approx) rolled sheet and this dimension was used 
as the thicker adherend size. It was necessary to skim the sheet In certain places to 
enable it to lie within the tolerance band specified for the thickness. The aluminium 
alloy was machined to a thickness of 3.0 mm for joints with thinner adherends. 
A step was Introduced at either end of the bonded region to facilitate the accurate 
positioning of each adherend during manufacture and to allow the glue-line thick- 
ness to be closely controlled. The step was machined to a depth of 0.375 mm in 
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each adherend. Spacers were then used in this position with a depth of 1.0 mm to 
produce a glue-line thickness after manufacture of 0.25 mm. This was closely 
controlled and kept constant within a tight tolerance during manufacture to avoid 
introducing the bond-line thickness as an extra factor for consideration In joint 
failure. The deavage test adherends were drilled and tapped with three 3.0 mm 
threaded holes. This machining process was completed with the spacers In position 
to provide extra stiffening for the adherend ends. The drilled holes allowed the end 
fixings, necessary to carry out the DCB test, to be attached before the test and 
removed after the test for re-use with another specimen. 
12.5 
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25.0 
8.5 
5. 
BONDED AREA 
10.0 25.0 
o. i5 1.0ý I 
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Figure 52. Test coupon design. 
The adherend coupons were chemically etched to improve the adhesive bonding. 
and were then carefully bonded together, the process for which Is described in 
Section 6.4.2. 
6.4.2 Test Coupon Manufacture 
To ensure the best possible bond between the aluminium alloy adherends and the 
adhesives used in the test programme the adherends were prepared with a chromic 
acid etch as recommended by the adhesive manufacturers. 
The test coupon adherends described in Section 6.4.1 were assembled In a specially 
designed rig, which is shown in Figure 53. The rig allowed the adherends to be 
accurately positioned relative to each other. It was also designed to apply a small 
amount of damping force to the coupons which would stop relative adherend 
movement and extrude any excess adhesive from the sides of the coupons. The rig 
also included a thin plate section to allow the positioning of the oven control 
thermocouples. 
The manufacturing rig is simple in design. The bonded test coupons are stacked on 
top of each other in three columns up to a maximum of five coupons high. A small 
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damping force is then applied evenly over each coupon by tightening a screw onto 
a large stiff flat plate. The stacks of coupons were kept apart with stainless steel 
columns, which were liberally sprayed with a releasing agent before any contact 
with the adhesives. Each row of coupons was protected from any excess adhesive 
from the adjacent rows by introducing layers of polypropylene plastic between them. 
The plastic sheets were accurately machined to slot over the stainless steel rods of 
the damping rig and were also coated with release agent to stop them adhering to 
the coupons. This coating of release agent also allowed the polypropylene spacers 
to be easily cleaned and re-used for subsequent batches of joints. 
Metal spacers were manufactured, consisting of 1.0 mm thick steel sheet cut to be 
slightly larger than the area of the step in the adherends. The spacers were wrapped 
around with two-sided sticky tape to keep them In position when they were placed 
in the steps of the adherends. The spacers had two purposes, firstly they enabled 
the adhesive layer thickness to be accurately controlled and secondly they 
prevented any excess adhesive from escaping from the end of the overlap and 
changing the form of any singularity that Is present. The use of the metal spacers 
was relatively successful, but it is important to note that some excess adhesive was 
present In this region, and this could partially account for the discrepancy noted in 
the test results. 
The E27 adhesive was mixed in a ratio of 2: 1 by volume resin to hardener. The two 
parts were measured out in separate syringes and mixed carefully in a small beaker. 
The handling time of the E27 is approximately 15 minutes. If the adhesive was 
applied directly after mixing, its lack of viscosity made it difficult to position precisely 
on the design of coupon used here. Therefore, the hardening adhesive was left to 
stand for approximately 10 minutes (about two thirds of its handling time) to allow 
it to gel slightly. This made application easier and consequently less glue escaped 
from the sides of the coupons. 
The VOX501 was supplied in a convenient gun form, with mixing occurring automat- 
ically in the correct ratio in an attached nozzle, through which the adhesive is 
extruded. Care had to betaken with this adhesive because the handling time, quoted 
by the manufacturers at 20 minutes, was a little unrealistic and it was noted that the 
adhesive was likely to start curing in the nozzle of the applicator If it was not used 
extremely quickly. 
The ESP105T adhesive was supplied in a single-part paste format, requiring no 
pre-application mixing and it was therefore easily spread over the adherend surface 
with a spatula. 
All the adhesives were carefully applied to the centre of the lower adherend as a 
single drop from the applicator. This allowed any air to be forced out of the bonded 
region when the mating adherend was introduced and not to be trapped causing 
unwanted bubbling in the bond-fine of the finished joint. 
The cure cycle of the ESP105T was carefully monitored. A cam-controlled oven was 
used to ensure accurate temperature control, with a cam cut to describe the exact 
time-temperature cycle specified for the cure of the ESP1 05T adhesive. The use of 
this cam ensured that all of the ESP105T batches were cured in the same way. The 
ESP105T was cured with the temperature of the aluminium adherends raised to 
150°C for a period of 30 minutes in accordance with the manufacturers instructions. 
The temperature was ramped up to the level necessary for cure, the joints were 
allowed to cure for the prescribed time and then the power was cut and the joints 
allowed to steadily cool in the oven. 
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Figure 53. Test coupon manufacturing rig. 
The manufacturing rig described above had an extra layer of aluminium alloy fitted 
during the ESP105T heat cure cycles. The aluminium layer had the same plan view 
as the sheets of polypropylene plastic used as spacers and so slotted easily over 
the metal uprights in the rig. This extra layer of aluminium had a small hole drilled in 
it, Into which a thermocouple was fitted with heat conducting grease. The thermo- 
couple was connected to the cam oven controller and used to control the oven 
temperature to match precisely the temperature of the aluminium. This method 
ensured that the aluminium in contact with the adhesive was raised to the correct 
temperature and not just the air within the oven. 
The holes necessary for the positioning of the mode I test end fixings were drilled in 
the coupons at a stage directly after manufacture and cure. The metal spacers were 
left in position for this process to stop any deflection of the adherends. Drilling of 
the holes after manufacture ensured that the holes were correctly aligned, and the 
end fixings could therefore be applied squarely to each other and the finished joint 
allowing the load to be applied evenly. 
6.5 Cleavage (Mode I) Test Details 
6.5.1 Mode I Test Procedure 
The mode I test procedure is basically that of a standard Double Cantilever Beam 
(DCB) test. The main difference between the cleavage (mode I) and the DCB test is 
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that the load is applied to the ends of the adhesive overlap by attaching a short loop 
of wire rope to an end fixing, which is rigidly attached to the adherend. The loop of 
wire rope is threaded through the cap of a cap-head screw before the loop is closed. 
The cap-head screw is then located in the end fixing block in a threaded hole. The 
end fixings are located on each adherend with three small M3 screws. The profile of 
the end fixing adjacent to each adherend is narrowed so as to minimize any local 
stiffening of the adherend. The end fixings consist of solid blocks of mild steel, 
machined and drilled to fit to the upper side of the machined steps of the aluminium 
adherends. The test set-up is shown in Figure 54. 
The cleavage tests were carried out in a JJ Uoyd Instruments 30 kN tensile testing 
machine. The machine was equipped with a 30 kN load cell, the control range of 
which was set to 3 M. The test machine cross-head speed was set to 1.0 mm/min, 
and the coupons were tested to destruction under mode I loading at room tempera- 
ture. Load deflection plots were produced for each test coupon, from which the 
failure loads were scaled. 
The results from the cleavage test are shown fully in Appendix A, and a summary of 
the results utilized in the finite element analysis of this test design is given in the next 
section. 
Figure 54. Mode I test apparatus. 
Some problems were experienced with the use of wire rope to apply the load to the 
ends of the adherends. TheVOX501 samples produced failure loads that were higher 
than expected under mode I loading. This caused the ultimate strength of the wire 
rope to be approached. This fact, in conjunction with the stress concentration 
present at the sharp angle where the wire was threaded through the cap-head screw, 
caused the wire rope to break on a few occasions. When this occurred, the test 
coupon was rewired and the test repeated. The repeated loading results were treated 
as new, and no account was taken of possible strain hardening effects in the 
adhesive. This assumption is shown to be justified as the batches where this 
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occurred are seen to be as consistent as those where the wire rope remained intact 
throughout the test. 
6.5.2 Mode I Test Results 
A full summary, of the mode I test results are given In Appendix A. A short summary 
of the results considered in calculating the loads to apply to the finite element model 
Is given in Table 11. Note that the mean of the failure loads Is the mean of all tested 
specimens which after Inspection were found to have been bonded correctly and 
with well prepared surfaces. The range of the results Is the difference between the 
maximum and the minimum failure load and this is expressed as a percentage of 
the maximum failure load In the final column. 
Table 11. Summary of Mode I NO results 
Test 
Configuration 
Mean of 
Failure Loads 
kN 
Standard 
Deviation 
kN 
Range of 
Results 
(kN) 
Range as % 
of Maximum 
(±%) 
PESP3 0.6805 0.041 0.120 8.27 
PE273 0.3905 0.055 0.156 16.67 
PVOX3 0.9280 0.098 0.240 11.43 
PESP4 1.3338 0.090 0.288 9.88 
PE274 0.7668 0.048 0.153 9.01 
PVOX4 1.7191 0.119 0.436 10.99 
The failure loads shown in Table 11 were applied in a unit width form to the mode I 
finite element models, which are described In Section 7.4.1. The aim of this section 
of work, as was mentioned in the Introduction to this chapter, was to establish a 
failure criterion for bonded joints underdifferent loading conditions and with different 
geometric and material properties. The finite element analysis stress and strain 
results of each joint configuration shown in Table 11 were analyzed to establish any 
common failure characteristics. Details of this work, termed the Critical Factor 
Analysis (CFA) are given In Section 7.6.1. 
Section 6.7 contains a short description of the characteristics of failure noted in the 
mode I test. Plates showing typical failure surfaces for mode I test coupons from 
representative batches are Included In Appendix B. 
6.6 Compressive Shear (Mode 11) Test Details 
6.6.1 Mode II Test Procedure 
The mode II or compressive shear test is so termed because it subjects the test 
coupon to predominantly mode ll loading in compression. The test is a development 
of the American Society for Testing Materials (ASTM) test D905-49 or thick adherend 
compressive shear test. 
The test has been modified to allow the testing of bonded joints with reasonably thin 
adherends. This Is done by mounting the test coupon In two carrier blocks which 
grip the specimen at the ends of the overlap and thus apply the load at opposite 
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comers of the overlap through these points. The test configuration in place in the 
test rig is shown below in Figure 55. The carrier blocks are themselves mounted in 
a stiff locating rig which supports the carriers when the eccentric shear load is 
applied to them. The internal surfaces of the locating rig were well coated with a 
graphite lubricant to diminish the friction due to the side loading caused by the 
moment induced by the offset loading. The order of magnitude of the friction due to 
the side loading on the rig was estimated to be approximately 1% or less of the load 
applied to cause failure of the test coupon, assuming a coefficient of friction for the 
lubricated steel of 0.1. 
The mode II tests were carried out on an Instron 100 kN tensile test machine, with 
the load range set to 50 M. The majority of the tests were carried out at a cross-head 
speed of 0.1 mm/min. Where the consistency of the batch results was good the test 
speed was varied to assess its effect. The test speed was shown to have a very 
limited effect, and it was not possible to provide quantitative results. 
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Figure 55. Mode II test apparatus. 
Some difficulty was encountered in removing the spacers, used as an aid to 
manufacture, from some of the ESP105T adhesive specimens. The spacers were 
eventually extricated but significant force was necessary to accomplish this. It 
should be noted that small defects could have been introduced into the adhesive at 
the end of the overlap during the removal of the spacers. The defects, if they do 
exist, do not appear to have adversely effected the results of the ESP105T batches, 
because compared to batches of other adhesives they are relatively more consist- 
ent. 
BALL BEARING TO 
REMOVE MISALIGNMENT 
IN LOADING 
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6.6.2 Modell Test Results 
A full summary, of the mode II test results Is given in Appendix A. A short summary 
of the results considered in calculating the loads to apply to the finite element models 
is given below In Table 12. Note that the mean of the failure loads is the mean of all 
tested specimens which after Inspection were found to have been bonded correctly 
with well prepared surfaces. The range of the results Is the difference between the 
maximum and the minimum failure loads and this is expressed as a percentage of 
the maximum failure load In the final column. 
Table 12. Summary of Mode 11 test results 
Test 
Configuration 
Mean of 
Failure Loads 
N 
Standard 
Deviation 
(kN) 
Range of 
Results 
N 
Range as % 
of Maximum 
±% 
SESP3 24.012 1.220 3.90 7.49 
SE273 18.140 0.358 1.02 2.75 
SVOX3 15.720 0.533 1.42 4.36 
SESP4 25.167 2.232 6.80 11.76 
SE274 19.558 1.552 4.72 10.84 
SVOX4 16.230 0.662 1.90 5.62 
The failure loads, shown In Table 12, were applied in a unit width form to the mode II 
FEM models, which are described in Section 7.4.2. The FEM analysis stress and 
strain results for each shear configuration were analyzed to establish any common 
failure characteristics and possible criteria which would quantify failure under a 
mode 11 type of loading. 
Section 6.7 contains a short discussion of the possible modes of failure in operation. 
plates showing typical failure surfaces for examples of the mode II test coupons 
from representative test batches are included in Appendix B. 
6.7 Discussion of Mode I and Mode 11 Test Results 
Generally, the results from both the mode I and II tests were consistent, when 
examined in terms of the means and standard deviations of their failure loads. It was 
also noted that the mode II test, when considered overall, produced more consistent 
results than the mode I test. There are two possible reasons for the greater scatter 
in the results from the mode I test. The first reason Is that due to the short length of 
the mode I test coupon, an attempt is being made to model the catastrophic failure 
of the DCB test and not the more sustained peeling failure which is noted with a 
longer joint. The failure strength data quoted from the standard DCB test is not the 
Initial failure strength, but the peeling load that is required to extend the failure 
surface along the overlap after Initial failure has occurred. The initial load to cause 
catastrophic failure occurs at a peak load that Is higher than the peeling strength. 
The load-displacement graph up to this initial peak for the DCB test is very steep 
and slight differences in the manufactured batches, causing different times to failure, 
will cause large differences in the measured failure loads. 
A second possible explanation for the greater scatter of the mode I test results when 
compared to the mode I test results can be seen by considering the failure charac- 
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teristics of each test. The extent of the yielded region of the adhesive at failure leads 
to conclusions about the type of failure which is present. It can be concluded for the 
mode I test, that since the adhesive yield region Is restricted to the overlap end, then 
failure of the joint is caused by some phenomenon local to this region and the failure 
can hence be termed 'local failure'. At failure, the yielded region of the adhesive In 
the mode II tests, as will be shown later in Section 7.6.2, extends over the whole 
overlap length. Therefore, it can be concluded that failure is caused by some global 
criterion which Is affecting the whole, or certainly a large part, of the adhesive 
overlap. This second form of failure Is called a'global failure'. 
The dependence of mode I failure on local factors Indicates that the general failure 
levels of the cleavage test will be more susceptible to details of the end geometry 
than will the mode ii test. The spacer design which was used to set the adhesive 
thickness did not entirely restrict excess adhesive from the overlap ends. Excess 
adhesive was found In several of the failed specimens. The presence of this adhesive 
would have produced different forms of singularity and, if the failure load Is governed 
by this singularity, this could also have accounted for the differences noted In failure 
loads. 
The use of metal spacers to govern the glue-line thickness may also have caused 
slight defects to be introduced into the adhesive layer In the region of the singularity 
when the spacers were removed before testing. These defects could have taken the 
form of microscopic cracks, which would no doubt have affected the performance 
of any joint in which they were present. The same manufacturing process was used 
for both the mode I and mode 11 specimens, but the results of the latter were 
perceptibly more consistent. it should be noted that the heat cure process utilized 
In the manufacture of joints which used the adhesive ESP105T had the effect of 
cementing the spacers In place more firmly than the room temperature cure of the 
other two adhesives. This meant that the spacers In these joints were more difficult 
to remove and thus it was more likely that defects would be Introduced Into these 
joints than any others. The batches using ESP105T adhesive were, however, the 
most consistent, and therefore it is felt that no serious weaknesses were introduced 
on removing the spacers after manufacture. 
The mode I test results exhibited an appreciable difference in failure loads between 
specimens with thick and thin adherends. Generally the specimens with thicker 
adherends sustained approximately twice the failure loads of specimens with thin 
adherends. This can be explained by the fact that the thin adherends being less stiff 
than the thicker adherends have deflected more, and thus the load is transferred 
through a shorter region of the adhesive overlap. This causes stress and strain 
concentrations at the end of the overlap to Increase, and hence lower levels of load 
will be required to cause local failure. 
The failure loads used in the FEM analyses of the test configurations were obtained 
from the full batch results after considering various mitigating factors: 
" incorrectly tested samples were Ignored, e. g. the results of test pieces 5, 
6,45 and 47 in batch 12, which were Incorrectly positioned in the carriers 
of the mode II test rig, and therefore not loaded centrally, were not used; 
the results of test-pieces that showed evidence of poor bonding were 
ignored, e. g. test-pieces 104,107,124,127 and 130 in batch PE273 were 
discarded because on Inspection of the failure surfaces they were esti- 
mated to show more than 50% apparent Interfacial failure which was 
considered unsatisfactory for this adhesive. Figure 56 contains plots of 
failure load against estimated percentage Interfacial failure for the mode I 
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Figure 57. Failure load vs percentage 'apparent' interfacial failure for the 
mode 11 test batches. 
test batches. The discarding of E27 test pieces with greater than 50% 
apparent interfacial failure is justified when the trend showing a lowering 
of measured failure load with increasing apparent percentage interfacial 
failure is noted for each batch. Similar estimates of apparent interfacial 
failure were made for all test batches with the same overall trend noted for 
all mode I batches. VOX501 peel specimens were discarded if the level of 
apparent interfacial failure exceeded 40%. The trend appeared to be 
reversed for the mode II batches with a higher percentage of apparent 
interfacial failure producing a higher failure load. Figure 57 contains plots 
of failure load against estimated apparent interfacial failure for all mode II 
batches. 
The general consistency of each batch was considered. The mean and 
standard deviation of the measured failure loads for each batch were 
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calculated and an assessment was made of the consistency in terms of 
the closeness of the results to the mean, quantified by the standard 
deviation. The consistency was compared to the range of the test results. 
For example if the range of the maximum to minimum failure load was 40% 
of the maximum failure load with the standard deviation of the batch 
showing only a small percentage of the failure load, then only results lying 
in the upper quartile of the batch were included. Batch PESP3 is an 
example. The maximum failure load ofthis batch Is 726 N and the minimum 
is 306 N, which gives a range of 420 N. The standard deviation of this batch 
Is only 41 N, which Is only 5.5% of the maximum failure load. Clearly the 
wide range of results is caused by a few poor test coupons. The failure 
loads which lie outsidethe upper quartile range (621-726 N) are neglected. 
A careful examination of the failure surface of both adherends of each specimen was 
made soon after the specimens were tested. The purpose of the examination was 
firstly to assess the state of the adhesive layer In each specimen, and secondly to 
note any points of Interest concerning the texture and type of failure surface present. 
Typical test specimen failure surfaces are shown in Appendix B In a series of colour 
plates. The test pieces in Batch PESP3 (eg. No. 146, Failure Load (FL) 0.726 kN) 
exhibit a predominantly cohesive failure surface, except at the loaded end over a 
length of approximately 1 mm, which appears to be Interfacial. The poor specimens 
In the batch exhibit a larger proportion of apparently Interfacial failure. The thick 
adherend batch (PESP4) exhibited similar failure surfaces, but with slightly less 
obvious Interfacial sections. 
The majority of specimens in Batches PE273 (eg. No. 116, FL 0.418 kN) and PE274 
(eg. No. 68, FL 0.828kN) exhibited two distinct failure surfaces. Approximately 
5-8 mm of the length from the loaded end appeared to have failed Interfacially, while 
the remainder of the failure was cohesive. An Electron Spectroscopy Chemical 
Analysis (ESCA) study of the joint failed to find any trace of aluminium on the 
apparently Interfacial failure surface. It was concluded therefore that although the 
surface appeared to have failed interfacially a thin residue of adhesive remained 
which was able to fully mask the adherend material at a microscopic level, The 
majority of specimens in these batches, from which poor results were noted, 
exhibited much larger proportions of apparent Interfacial failure. Some poor speci- 
mens were also found to have excessive levels of air In the adhesive layer. 
The thick and thin adherend VOX501 cleavage test specimens (eg. No. 74, 
FL 1.032 kN and No. 58, FL 1.866 kN) exhibited Interesting three-phase failure sur- 
faces. Measured from the loaded end, approximately 10-12.5 mm was fairly rough 
and cohesive, then there was a very rough transition section, which was also 
cohesive, and the final section at the Initially unloaded section of the joint was an 
extremely smooth failure surface. It was noted that the transition section coincided 
with the peak compressive y-direction direct stress In the joint and could therefore 
have been crazing caused by the crushing of the adhesive in that region. A similar 
phenomenon could be causing the roughness in the first section as the adhesive is 
subjected to extremely high tensile stresses in this region. 
Also it should be noted that due to the instantaneous nature of the failure of the 
mode I specimens, and the consequent speed of propagation of the failure surface- 
the the time taken for the failure surface to reach the third section was probably 
Insufficient to allow the crazed effect to occur. Poor VOX501 specimens typically 
exhibited dark regions of un-cured adhesive in both the thick and thin adherend 
batches. The reason for the apparent inconsistency of the VOX501 adhesive is 
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unclear but some problem was noted with the time taken for the adhesive to cure, 
in that it was much quicker than the manufacturers instructions stated. 
The mode II batches due to the nature of the load path exhibited different failure 
surface characteristics from the mode I batches. The test pieces In Batch SESP3 
(e. g. No. 161, FL 25.73 kN) exhibited a reasonably symmetric failure surface which 
was characterized by Interfacial regions at the ends on opposite test pieces. The 
region in between was seen to be cohesive with a progressively Increasing bond-line 
thickness from the Interfacial region. Poor specimens showed predominantly inter- 
facial failure with a scudded almost white appearance of cohesive failure at the 
overlap ends. This scudded appearance was supposed to be caused by the extreme 
crushing of the adhesive in this region in the compressive shear test. The thick 
adherend specimens showed a generally more symmetric failure surface pattern 
than the thin. The area of cohesive failure on the thick specimens was consistently 
measured to be larger than that of the thin adherend specimens, frequently reaching 
50% of the overlap area. 
Both the thick and thin adherend specimens bonded with the E27 adhesive (e. g. 
No. 108, FL 18.14 kN and No. 26, FL 20.48 kN) showed almost 100% Interfacial 
falure. The thin adherend specimens showed the residue to be consistently on one 
adherend, with the thick adherend specimens showing residue on both surfaces. 
The failure surface, although appearing interfacial Is assumed to be of a similar form 
to the equivalent mode I E27 failure surface, which under examination in an ESCA 
study was proved to be cohesive. The poor specimens from both thick and thin 
batches showed the adhesive layer to have whitened considerably during testing. 
This was assumed to have been caused, as with the ESP105T batches, by the 
considerable crushing present in the mode II test configuration. 
The majority of specimens In batches SVOX3 (e. g. No. 84, FL 15.82 kN) and SVOX4 
(e. g. No. 17, FL 16.9 kN) exhibited approximately 100%'apparent' interfacial failure. 
The failure surfaces consistently extended along one adherend for approximately 
50% of the overlap length, then transferred to be adjacent to the opposite surface. 
The thick adherend specimens, as with the ESP105T and E27 specimens, showed 
extensive whitening at the overlap ends, where the compressive stresses were 
greatest. 
6.8 Summary of Failure Criteria Test Programme 
Although the main conclusions from the failure criteria test and analysis programme 
are given at the end of Chapter 7, the following points, more pertinent to the test 
programme, should be noted at this stage. 
1. Test configurations were designed, manufactured and tested, which isolated 
three possible factors considered to effect joint failure. Each factor was var- 
ied systematically to assess Its significance. 
2. Consistent results were obtained for all test batches. Mode I test batch re- 
sults exhibited slightly higher levels of scatter than their mode 11 equival- 
ents, but after the exclusion of test pieces which were sub-standard, or 
that were tested incorrectly, all batches showed small standard deviations 
of their average failure loads. Mode II test batches had deviations which 
were consistently less than 5% of the average of the failure loads, and 
mode I test batches had deviations which were less than 10% of the aver- 
age of the failure loads. 
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3. Referring to the test results shown In Sections 6.5.2 and 6.6.2, the adherend 
thickness was shown to have a significant effect on the measured failure 
load in the mode I test. Thicker adherend joints exhibit as much as a 100% 
increase in strength over the corresponding thin adherend test-pieces. The 
stiffer adherends did not deform to the same extent as the thin adherends 
and, therefore, the load was transferred through a greater length of the ad- 
herend overlap. The mode 11 adherend stiffness effects were less signifi- 
cant, but an overall Increase of 5% for the thick adherend joints was still 
noted. 
4. Adhesive property effects were less marked than the adherend stiffness ef- 
fects, but were still shown to be significant. The general trend for the 
mode II loading batches reflected the measured strength of the adhesive, 
while the mode I batches more closely reflected the adhesive ductility. 
5. The mode of loading was shown to have the most significant effect. Test- 
pieces loaded under predominantly mode ii loading were consistently able 
to withstand much higher levels of applied load. Failure levels In the 
mode II tests were consistently 10-20 times higher than their mode I equi- 
valents. The mode II test configuration, due to its compressive nature, sup- 
pressed yield in the adhesive at the ends of the overlap and because of 
this it is probable that the hydrostatic effects were unduly important in any 
analysis of the situation. 
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7. FAILURE CRITERIA ANALYSIS 
PROGRAMME 
7.1 Introduction 
This chapter contains details of the failure criteria analysis programme, carried out 
in conjunction with the failure criteria test programme outlined In Chapter 6. Full 
details of the analysis programme specification are given in Section 7.2. 
The analysis was split Into two distinct sections: analysis of the double cantilever 
beam, or mode 1, test specimens, detailed In Section 7.4.1; and analysis of the 
compressive shear, or mode II, test specimens, detailed In Section 7.4.2. Also 
Included In this chapter is a detailed description of the bulk property testing 
programme carried out to establish the material characteristics of the adhesives and 
aluminium alloy materials used In the test programme. The material property details 
are given In Section 7.3. A brief description of the test and post-processing proce- 
dure used to establish the material stress-strain curves Is included, together with a 
short discussion of the validity of the results obtained. 
In conjunction with the finite element analysis of the failure criteria test programme 
configurations, the design analyses derived in Chapters 3,4 and 5, were also used. 
The use of the design analyses In this context is discussed in Section 7.5. 
The results of the finite element and linear and non-linear design analyses are 
assessed in terms of their usefulness in determining or predicting joint failure. 
Possible failure criteria and their use are discussed and evaluated in Sections 
7.6.1-7.6.2. 
7.2 Failure Criteria Analysis Programme Specification 
This programme of analysis, as mentioned in the last section, was designed to 
operate side by side with the failure criteria test programme detailed in Chapter 6. 
The failure criteria analysis programme can be summarized as follows: 
Establish material property data for all materials used in the test pro- 
gramme; 
Analyze the test configurations using the FEM and the FNLA, SPA and 
SSA, at load levels equivalent to the average failure load of each test batch, 
measured during the test programme; 
Determine which stress and strain results it is important to analyze; 
Extract and assess the relevant results, comparing the results from the 
different batches with each other and with the measured material property 
test data; 
Draw conclusions in terms of the level of agreement noted between the 
critical factors analyzed. 
With the above mentioned points in mind, it was intended to show that a given factor 
or factors could be used to predict bonded joint failure to a reasonable degree of 
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accuracy, and could, therefore, be used in conjunction with the FNLA derived in 
Chapter 5, as a valuable aid to joint design. 
7.3 Adhesive and Adherend Material Property Models 
When mathematically modelling an adhesive joint, whether using closed-form or 
finite element analyses, it is necessary to know the values of certain material 
properties. Both the adherend and adhesive material properties must be determined 
and bulk property tests on both must be carried out to establish their uniaxial 
stress-strain curves. The most important material characteristics can be taken 
directly from this stress-strain curve. Elastic analyses require the Young's modulus 
and Poisson's ratio to be specified, while non-linear analyses require enough 
information about the whole curve to enable a mathematical approximation to be 
established. The non-linear finite element analysis of the failure mechanism test 
programme, outlined in the next section, required full stress-strain curves for both 
the aluminium alloy from which the adherends were manufactured and for the three 
Permabond adhesives chosen to bond the adherends. 
Bulk property testing of the sort described in this chapter will also be required if any 
of the analyses derived earlier in this report are to be used to calculate stress 
distributions In bonded joints. The adhesive material property data required is not 
usually available from the manufacturers, however, basic adherend data Is usually 
available from the stockist or directly from the manufacturer in enough detail to 
ascertain elastic property values. Non-linear properties of the adherends, as with 
the adhesives, must be established by bulk testing. 
7.3.1 Description of Aluminium Bulk Specimens 
A standard choice of adherend material was made for this programme of work with 
an aluminium alloy specified for many standard bonded joint tests including the 
British Standard institute tests for lap shear joints. The American designation of the 
alloy used is 2014, which is an aerospace quality alloy specification. A tempering 
finish of T6 was specified. The English equivalent material specification is H15 with 
a designation TF for a similar tempering process. 
The manufacturers specification states that 2014 aluminium alloy has a 0.2% Proof 
stress of 390 MPa for a material plate thickness range of 1.6-6.0 mm, an ultimate 
tensile strength of 440 MPa for the same thickness range and an elongation at failure 
of approximately 7% on a 50 mm gauge length. 
The aluminium alloy was purchased in a sheet of 4.75 mm (approximate) thickness. 
The sheet was then machined to the dimensions of the adherends to be used in the 
manufacture of the test coupon configurations. Two adherend thicknesses were 
used in the test programme (4.75 and 3.00 mm) and flat dumb-bell shaped bulk 
specimens with these thicknesses were manufactured to the dimensions shown in 
Figure 58. Specimens of both thicknesses were made to assess the effect of 
removing the outer layer of the material on the tested properties. 
The aluminium bulk specimens were manufactured using a numerically controlled 
milling machine to ensure consistency. Five specimens of each thickness were 
produced. The bulk specimens were then strain gauged and tested to failure as 
described in Section 7.3.4. 
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Figure 5$. Aluminium alloy flat bulk specimen. 
7.3.2 Description of Adhesive Bulk Specimens 
Buck specimen blanks were manufactured by Permabond Adhesives Ltd consisting 
of solid cured cylindrical shapes for all three adhesives. The adhesives were 
extruded directly from the mixing vat so as not to introduce any air into the bulk 
specimens. The largest diameter obtainable for each adhesive was dependent on 
the amount of exotherm experienced during the cure cycle. As little exotherm as 
possible is desirable, as the rise in temperature associated with exotherm of the 
adhesive causes convection currents and introduces porosity or bubbles into the 
bulk specimen. Both are of course undesirable in a cast specimen of any material. 
Both the E27 and ESP105T adhesives cured more readily in bulk without exotherm 
than VOX501 and it was possible to manufacture cylindrical specimens of 20 mm 
diameter. VOX501 specimens, which were more sensitive to exotherm, were manu- 
factured with an eodemai diameter of 14.5 mm. 
Bulk test specimens were machined from the blanks supplied by Permabond Ltd to 
the overall dimensions shown in Figure 59. A scaled up version of the dumb-bell test 
pieces described in British Standard Specification No. 18-1950 was used to take full 
advantage of the overall size of the bulk specimen blanks produced. 
During machining on the lathe, the test pieces were supported between the chuck 
and a centre post for stability. All the adhesives were treated with great care because 
they are very fragile and susceptible to damage during machining. Only small cut 
depths were taken to reduce the risk of shattering the specimens, especially the 
VOX501 which was very ductile and tended to yield under the force of the cutting 
tool. The surface finish of all of the test pieces was polished to British Standard 
Specification No. 1&1950, with particular attention being paid to the large reducing 
radius and the parallel and gauge lengths. 
Three specimens were tested for each adhesive, and these were designated Speci- 
mens 1-3. for each. Slight variations in the machined gauge diameter from the 
dimensions specified in the above diagrams were noted, and these were taken into 
account when processing the load and strain data. 
To fully gather the data necessary to establish the stress-strain characteristics of 
both the aluminium alloy and the adhesives, it was decided to attach strain gauges 
to the gauge lengths of the tensile test pieces and measure them. The strains from 
these gauges together with the applied load data were then saved onto computer 
disc. This type of storage medium facilitated the necessary computer calculations 
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Figure 59. Permabond E27, E 10 5T and VOX501 adhesive tensile test 
specimens. All dimensions are in mm. VOX501 specimen dimensions are 
shown In brackets. (G) gauge length, (P) parallel length. 
which needed to be carried out on the data to produce the actual stress-strain curves 
after the test had been completed. 
Strain gauges were used for the adhesive specimens to collect accurate data in the 
region of the start of the stress-strain curve where load is initially transferred to the 
specimen. The data from this region, when represented as a graphical output from 
the test machine, contains non-linearlties due to load take-up by the grips and slack 
in the test machine, which are both undesirable. Some modem adhesives have little 
or no initial linear region in their stress-strain curve and it is therefore necessary to 
produce accurate data in this region. High strains to failure were expected for the 
adhesives, with very high strains expected for the VOX501 and therefore the strain 
gauges had to be selected accordingly. Yield gauges are available from various 
manufacturers which can be specified in high strain applications such as this test, 
and these were used in this case. The gauges selected were TML gauges type YL-5. 
Specimens 1 and 2 of each adhesive were fitted with two of these gauges diametri- 
cally opposite each other at the centre of the test piece length as shown in Figure 60. 
The third specimen of each adhesive was fitted with two 900 strain gauge rosettes 
which consist of two separate gauges lying at 90° to one another fixed to the same 
piece of backing. The rosettes enabled circumferential strains to be logged at the 
same time as tensile strains, thus allowing an estimate of Poisson's ratio for each 
adhesive to be made. The aluminium alloy test pieces were fitted with standard 
Welwyn student strain gauges. 
The gauges were positioned accurately on the adhesive specimens using standard 
techniques. Special attention was paid to preparation of the surfaces of the adhesive 
specimens prior to bonding and care was taken to ensure that the solvent had no 
adverse effects on the adhesive surfaces. Care was also taken to ensure that there 
was enough lead wire from the gauge to the terminal block to allow for the expected 
large deformations of the specimens. 
The resistance of all the applied gauges was measured to ensure it was within the 
tolerance allowed by the manufacturer. The resistance of all the gauges used in 
these tests was 120 A within a very small acceptable percentage error. A coating of 
silicon rubber was applied over the area around each gauge rosette, that when 
solidified, provided a protective coat for the fragile gauges and their connecting 
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Figure 60. Positioning of Strain Gauges on Bulk Adhesive and Aluminium 
Alloy Tensile Test Pieces. 
wires. An initial check of the gauges and the instrumentation was carried out by 
applying a small load to each test piece using a Hounsfield tensometer. 
7.3.3 Data Logging 
The strain gauges were wired Into a Schlumberger Solatron 40 channel data logger 
using the equivalent of quarter bridge circuits. The data logger itself contains a 
dummy gauge of the correct resistance to balance the circuit and reduce errors due 
to temperature effects. A BBC B Microcomputer was used to control the data logger, 
which allowed the test data to be dumped directly onto floppy disc for use later with 
post-processing software on the BBC computer. 
It should also be noted that the chart recorder voltage was logged with each set of 
strain readings. After the test and with the necessary calibration values at 0 and full 
scale deflection of the chart recorder it was possible to use this recorded voltage, 
which was an order of magnitude greater than the load cell voltage, to represent the 
load in the test machine load cell. The tensile test set-up is shown diagrammatically 
in Figure 61. 
7.3.4 Test Method 
The tensile tests were carried out in an Instron 50 kN test machine which produces 
graphical output of load against cross-head movement. The test pieces were 
mounted In collet chucks and positioned In the test machine. The trailing wires from 
the strain gauges were fixed to the frame of the test machine to avoid putting extra 
load onto the test pieces. The VOX501 bulk adhesive had shown itself to be an 
extremely ductile material during machining and general handling, and appeared to 
have an extremely low point of yield. A permanent bend was easy to Introduce into 
the test pieces, and several had to be discarded. For this reason any extra load on 
the adhesive, even from the weight of wires, was to be avoided. 
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Figure 61. Tensile test schematic arrangement. 
Each of the adhesives were tested In turn, with the recorder 0 and full scale voltage 
values measured between each test. The collet grips were changed for the smaller 
VOX501 specimens and ordinary vice grips were used for testing the flat aluminium 
alloy test pieces. 
The yield strain gauges used for some of the adhesive test pieces were specified as 
having a strain to failure of between 10 and 20%. They were noted, however, to fail 
somewhat earlier than expected on the VOX501 specimens. It was necessary to use 
the graphical output from the test machine to extrapolate the produced stress-strain 
curves to a realistic failure strain. Due to problems with the gauge application in this 
high strain situation, the testing of three adhesive specimens was prematurely 
halted. 
7.3.5 Production of the Stress-Strain Curves 
To produce stress-strain curves of a form that can be used in both finite element 
analysis and the NLAA, the following calculations were carried out on the data 
collected as described in Section 7.3.3. 
The axial stress a in the test specimen is calculated by dividing the load P by the 
cross-sectional area A, such that: 
P 
o=- 
A (7.1) 
When the initial area of the test specimen is used, the resulting stress is called the 
nominal stress or engineering stress. A more exact value of the axial stress, used in 
this case and known as the true stress, is calculated by using the actual area of the 
specimen at the given load. Due to their ductility, the cross-sectional area of adhesive 
specimens can become significantly less than the initial cross-sectional area, so the 
true stress approach is used. 
The strain values associated with the stresses calculated above are taken from the. 
associated set of strain gauge readings at the given load. The third specimen of each 
adhesive was fitted with two 900 strain gauge rosettes for subsequent calculation of 
the Poisson's ratio. The Poisson's ratio is calculated using the following formula: 
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CL 
v=-- 
CT (7.2) 
Where Er and CL are defined as the tensile and lateral strains in the tensile specimen. 
Thus, for each test piece fitted with this form of rosette, values of Poisson's ratio at 
each time interval were calculated during post-processing of the data. The Poisson's 
ratio data was presented by plotting the lateral strain and tensile strain against time 
Interval on the same graph. The gradient of the lateral strain line divided by the 
gradient of the tensile strain line is equal to the Poisson's ratio of the material. The 
calculation process was repeated for each adhesive specimen fitted with a 90° 
rosette, and the Poisson's ratio values calculated are shown In Table 13 In Sec- 
tion 7.3.7. 
The values of Poisson's ratio calculated thus were used to produce the true 
stress-strain curves of the adhesives. A Poisson's ratio value of 0.33 is widely 
reported for 2014-T6 alloy, this value was assumed in calculating the aluminium true 
stress-strain curve. 
The actual cross-sectional areas, A', of both the circular adhesive specimens and 
the rectangular aluminium specimens at given values of tensile strain, eT, with 
Poisson's ratio, v, can be calculated in terms of the original area, A, thus: 
A' = A(1-2veT) (7.3) 
where eT2 terms are Ignored. The true stress values for each strain value can be 
found for both the adhesive and aluminium alloy specimens using the above 
relationship substituted Into equation (7.1). The resulting stress-strain curves are 
shown In Section 7.3.6. 
During the tensile test the bulk specimens were subjected to small amounts of 
bending. An attempt was made to eliminate this bending effect by using two strain 
gauges per specimen on opposite sides and averaging the strains measured by both 
gauges. This effect was only noted to any degree in the ESP105T specimens, where 
quite different strains were measured on opposite sides of the same specimen. After 
averaging the strains for these specimens the stress-strain curves were seen to be 
virtually coincident for all specimens. 
7.3.6 Material Stress-Strain Characteristics 
The following graphs represent the material property curves used in the finite 
element analysis of the mode I and II test configurations. The graphs contain the 
experimental data. Extrapolation of this data was necessary as it did not extend to 
the sufficiently high levels of straining that are sustained In the testing of the joints. 
The high failure loads noted in the testing of the bonded joints in this test programme, 
when applied to these analyses, caused theoretical predictions of the levels of stress 
and strain In the adhesive layer to exceed the measured bulk property peaks. This 
inadequacy Implies that the adhesive tensile test data was incomplete, due to 
premature failure of the specimens. Assumptions were therefore made regarding 
extrapolation of the stress-strain curves and a limiting slope was Included for each 
type of adhesive at high levels of strain. The gradients of the assumed limiting slopes 
are given in Table 13 in Section 7.3.7. The degree of extrapolation necessary can 
be seen when the experimental stress-strain curves, derived from the tensile tests, 
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Figure 63. Permabond adhesive uniaxial stress-strain curves. 
are compared with the data used in the FEM analyses in Figure 66. The true 
stress-strain curves for each adhesive under test are included in Figure 63. The 
aluminium alloy true stress-strain curve is shown in Figure 62. 
7.3.7 Validity of the Stress-Strain Curve Results 
The method of manufacture of the bulk specimens while excluding much of the air 
from the casting, nevertheless allowed some porosity to be present in the bulk 
specimens. This was noticeable with both the clear E27 and VOX501 specimens 
before the tests were carried out, and with the opaque ESP105T specimens on 
inspection of the failure surfaces after the test was completed. The presence of this 
porosity implies premature failure of the specimens and therefore that the failure 
values are conservative. While this is not particularly important as regards the shape 
of the curve and the properties used In the non-linear analyses, it is significant when 
considering a failure criteria for the adhesives in terms of a maximum stress or strain 
criteria. This point had to be considered later in the programme of finite element 
analysis that accompanied the test programme where certain assumptions about 
failure loads were made and the stress-strain curves were extrapolated accordingly. 
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The work of Adams et al [34] measured the stress-strain curve fora slightly modified 
form of the same Permabond ESPI05T adhesive to haves much higher failure stress 
and strain, with unlaxial stress levels of 80 MPa reached. After discussion with the 
authors of the above work, several possible reasons for the consistently higher 
fallure loads measured at Bristol University are proposed: 
The adhesive test specimens had much more highly polished surfaces, 
which reduced the chance of including small stress-raising notches in the 
adhesive surface during manufacture; 
The tensile tests were carried out using purpose built test rigs under load 
control. The special rigs were designed to reduce bending In the test 
specimens, and load control allows the researcher to determine much 
more exactly the speed that each test is allowed to progress; 
" Strain gauges were not used to measure the strain data, thus possible 
weakening, caused by their application and testing, was avoided; 
Another point that was considered after the bulk property test programme was 
completed was the difference in curing schedules between the bulk adhesive 
specimens and the adhesive in a thin glue-line joint situation. To produce the bulk 
specimens necessary for the test programme the technical staff at Permabond had 
to pre-cure the specimens for a short period of time to avoid some of the harmful 
effects of exotherm, this pre-cure process was not repeated In the cure cycles for 
the test coupons. The discrepancy In cure cycles may cause slight differences in 
adhesive material properties between the bulk adhesive and the adhesive in the joint. 
Further testing of cured materials should take this fact into account. 
Table 13 summarizes the major material properties taken from the stress-strain 
curves given In Figures 62 and 63, and applied In the finite element analyses of the 
mode I and 11 models. 
Table 13. Summary of FEM material properties 
Material Property Adhesive Adherend 
Details Permabond 
ESP105T 
Permabond 
E27 
Permabond 
VOX501 
Aluminium 
Alloy 
2014-T6 
Young's Modulus Pa 5739.8 2852.7 394.94 69030.6 
Yield Stress (MPa) 24.88 23.25 3.012 405.5 
Tens/Con Yield Ratio 1.3 1.3 1.3 1.0 
Poisson's Ratio 0.32 0.37 0.43 0.33 
Umiti plastic Strain 0.0024 0.008 
4 0.360 0.075 
Umiti Modulus (MPa) 407.6 226.8 3.455 369.4 
7.4 Finite Element Analysis of the Failure Criteria Test 
Programme 
One of the reasons for designing Identical test coupons for the failure criteria test 
programme to be loaded under both mode I and mode II loading with little adjust- 
ment was to make the finite element analysis of both configurations simpler. The 
same basic model could therefore be used for both types of test loading. 
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All the finite element models used were constructed with eight- and six-noded 
isoparametric plane strain elements. The meshes were constructed from the same 
geometric base unit, which is a quarter of the complete mesh, and is shown in 
Figure 65. Considering this basic geometric construction unit it was possible to build 
up various meshes, to model both mode 1 and mode 11 loading, after the correct level 
of refinement had been applied. This was completed easily and quickly by rotating 
and copying mirror images of this quarter section of mesh In PATRAN [54]. 
The different finite element models used in the analysis of both the mode I and 
mode 11 test configurations are described in the following sections. 
7.4.1 Finite Element Analysis of the Mode I Test Specimens 
The mode I test coupon and the applied loading are symmetric about the centre of 
the glue-line. For this reason it was necessary to model only one half of the joint. 
The nodes along the centre of the glue-line were then constrained to have zero 
displacement In the transverse direction, with one node along this face constrained 
to have zero displacement in the longitudinal direction also. 
The mode I models utilized three levels of refinement In the adhesive layer. A 
relatively coarse mesh was used Initially, with one element used to model half of the 
adhesive thickness. The second mesh used two elements to model half the adhesive 
thickness and a third model utilized the general form of the second mesh but with 
extra localized refinement at the adhesive terminus, providing four elements across 
half the adhesive thickness. This gradual increase in levels of refinement for the 
mode I analysis model was necessary to attempt to model the theoretical stress 
singularity at the adhesive-adherend interface at the end of the overlap. 
However, it was found that even with a level of refinement of four elements across 
half the adhesive layer, each with a depth of 0.03125 mm, and an aspect ratio of 
approximately 1, it was not possible to model the singularity with complete success. 
For this reason it was necessary to Ignore the maximum stress and strain results 
predicted by the elements in the immediate proximity of the terminus in the critical 
factor analysis, described in Section 7.6.1. 
The basic geometric mesh unit shown in Figure 64, which shows the most refined 
model, was completed with the addition of a uniform section of eight-noded 
quadratic Isoparametric elements. This section Increased the model length to that 
of the test coupon used in the mode I test. The stress and strain data of interest lies 
well within the loaded half of this model, so It Is valid to restrict the refinement to this 
region. As was discussed above, four elements were used to model across half the 
adhesive thickness. Figure 64 shows the thick adherend model (PM24) and demon- 
strates how the model was refined in gradual steps to reach the level of refinement 
necessary at the end of the adhesive overlap, while remaining fairly coarse in regions 
of little Interest. In this way the overall analysis time and use of computer resources 
was minimized. The thin adherend model was modelled as shown in Figure 64 but 
the layer of elements along the top of the model were removed to decrease the 
adherend thickness. 
The thin adherend model consists of a total of 449 eight-noded isoparametric plane 
strain finite elements with a bandwidth of 168. The thick adherend model with the 
extra row of elements, shown in Figure 64, consists of a total of 500 elements with 
a bandwidth of 200. The bandwidth gives an approximate idea of the relative 
computer time used in the solution of an elastic problem. 
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The mode I models discussed above were initially analyzed using elastic material 
properties to establish the validity of various boundary condition assumptions. The 
displacement constraints described briefly above, and shown in Figure 64, were 
used to produce a mesh deformation of a form expected. The load application was 
initially applied as a parabolic distribution of shearing forces across the elements at 
a point equivalent to the centre-line of the applied load in the test, shown as the 
centre of the threaded holes In the test coupon In Figure 52. 
The load applied to the mode I test was assumed to act in the same fashion as a 
shear force when applied to the tip of a cantilever beam. The stress distribution 
resuftlng from this shear load has been shown to be parabolic. A further FEM 
analysis, using a point load application, was completed. The differences between 
the results obtained from the two methods of load application were shown to be 
negligible after a comparison of the stress and strain values in the adhesive layer for 
both models showed them to vary by less than 1%. The parabolic distribution 
method of load application was therefore considered unnecessarily complex, and 
the simpler point load method was used for all subsequent mode I analyses. The 
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Figure 64. Mode I thick adherend finite element model (PM24). 
non-linear analyses applied a point load equivalent to the unit width failure load, 
measured from the mode I test results, to the central node in the correct plane. 
The material properties used in the non-linear analyses of the mode I models are 
shown in Table 13 in Section 7.3.7. The loads applied to the relevant batch configu- 
rations are given In Table 11 In Section 6.5.2. These loads were averaged over the 
25 mm thickness of the test coupon to give unit thickness loads which for the 
ESP105T and E27 analyses were applied In 21 separate load Increments. The 
VOX501 analyses required the load to be applied in 31 increments to allow the load 
path to be followed with sufficient accuracy. The first applied Increment was 
equivalent to the load to cause initial yield in the model, and the remaining 20 or 30 . 
increments were applied in equal load steps. The results for the mode I finite element 
analyses are discussed In Section 7.6.1. 
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7.4.2 Finite Element Analysis of the Mode II Test Specimens 
The mode II finite element model utilized only one level of refinement equivalent to 
the most coarse mode I model. This was because the mode II model size was more 
than twice that of the mode I model, with a corresponding Increase In the bandwidth 
and storage required. The computing resources available were capable of modelling 
the coarsest mesh. it was also felt that the effect of the singularity was not as 
important in a predominantly shearing mode of loading. 
The finite element model was simply constructed from the basic geometric unit of 
the mesh by horizontally rotating a mirror image, copying it and then rotating a 
vertical mirror image of the resulting top half and copying that. Equal refinement in 
the adhesive layer and surrounding adherend was necessary at both ends of the 
mode 11 model because the load is applied and reacted through both ends of the 
overlap. It Is necessary to model all of the joint in this case, unlike the model model, 
because of the anti-symmetric nature of the loading. As was mentioned above, this 
produced extremely large models, with the thin adherend model consisting of 816 
eight-noded isoparametrlc plane strain finite elements with a bandwidth of 332. The 
thick adherend model (SM44) shown in Figure 65 consisted of 936 of the same 
elements with a resulting bandwidth of 388. The thick adherend model, as with the 
mode 1 model, was constructed after first adding an extra row of elements to account 
for the extra 1.75 mm thickness of the adherends. 
Initial assumptions concerning the boundary conditions were validated using an 
elastic analysis of the mode II model. The preliminary considerations were to 
establish the most realistic method of constraint and load application. 
To achieve this, three load cases were considered, each with different modes of 
constraint and load application. The first case, fully constrained the mesh at one 
face of the end of one adherend, and loaded the diametrically opposite comer with 
a uniform load distribution of stress acrossthe adherend face. The stress distribution 
was applied as a series of concentrated nodal forces. This load case produced an 
asymmetric deformed shape, which was undesirable, as It was felt that this was the 
not the sort of deformation which occurred in practice and further, both ends of the 
adhesive overlap would have to be investigated to establish the peak stress and 
strain data. 
The second load case constrained the mesh in the same way, but applied the load 
as a series of increasing displacements at the loaded comer. Difficulties in accurately 
establishing the correct level of total deflection to apply made this method imprac- 
tical. 
The third method, which was ultimately chosen, entailed loading the mesh symme- 
trically at opposite comers In the same manner as the first load case. The lateral 
displacement was, however, constrained to zero at the loaded corners and both the 
lateral and vertical displacements were constrained to zero at the central node of 
the mesh. This method of constraint and loading allowed rotation of the model about 
the central mesh point, which seemed to be more realistic. The boundary conditions 
also produced symmetric stress and strain data and a deformed shape similar to 
those found on examination of the failed mode II test coupons. 
The unit width loading was applied as uniform distributions of stress, described by 
concentrated loads applied to the edge element nodes in the ratio 1: 4: 1. This ratio 
maintains kinematic equilibrium of the eight-noded isoparametric elements, by 
applying the loads in the ratio prescribed by the element shape functions. 
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Figure 65. Mode 11 thick adherend finite element model (SM44). 
The material properties used in the non-linear analyses of the mode II models are 
shown In Table 13 in Section 7.3.7. The loads applied to the relevant batch configu- 
rations are given in Table 12 In Section 6.6.2. These loads were averaged over the 
25 mm thickness of the test coupon, as with the mode I test loads, to give unit 
thickness loads. The unit thickness loads for the analyses of the ESP105T adhesive 
was applied In 48 separate increments and the loads for the E27 adhesive was 
applied In 41 separate Increments. The first applied Increment was equivalent to the 
load to cause Initial yield in the model, and the remaining 47 or 40 Increments were 
applied in equal steps. The mode II analyses required more increments of smaller 
load steps than the mode I analyses, because with all of the three adhesives under 
analysis, positions on the reasonably flat limiting slopes of the stress strain curves 
were reached. 
The VOX501 mode II analyses required the load to be applied in much smaller load 
steps than the other two adhesives. However, even with the total load applied in 51 
increments, the finite element analysis did not converge to a state of equilibrium at 
load values past approximately 50% of the measured failure load. Final results for 
this adhesive are therefore not presented here. The results for the remaining mode II 
finite element analyses are discussed in detail in Section 7.6.2. 
7.5 Design Analysis of the Failure Criteria Test 
Programme 
7.5.1 Elastic Design Formulae Details 
The elastic design formulae, discussed in Sections 3.3 and 3.4, have been applied 
to the joint configurations tested as part of the failure criteria test programme. The 
applied end loads have been determined using simple statics, and consist of 
bending moment and shear force components for the double cantilever beam test, 
and bending moment, shear force and tension components for the compressive 
Chapter 7 Failure Criteria Analysis Programme 
The Design of Structural Adhesive Joints Page 128 
shear test. Material data has been extracted from the linear region of the measured 
stress-strain curves, and is shown in Table 13 in Section 7.3.7. 
The stresses obtained by application of the formulae are shown in Table 14. Note 
that, due to the symmetry of the problem, there are no shear stresses produced for 
the mode i test. Finite element stresses along the adhesive centre-line will also be 
zero. 
Table 14. Peak stresses predicted by the elastic design formulae 
Model 
Configuration 
Double 
Cantilever 
Boom Test 
(Mods ! 
Compressive 
Shear Test 
(Mode !! ) 
Peel Stress 
(MPa) 
Peel Stress 
Pa 
Shear Stress 
(MPs) 
ESP3 97.4 -213.2 177.9 
ESP4 107.0 -184.3 149.2 
E273 41.5 -117.1 97.1 
E274 46.3 -105.2 84.5 
VOX3 29.7 -27.3 27.1 
VOX4 33.3 -24.7 24.1 
Considering the results shown in Table 14, and comparing them with the results 
obtained from the non-linear finite element analysis, shown in Tables 16 to 20, It can 
be seen that the design formulae predict higher stresses. For the compressive shear 
test, which sustains gross yielding, the estimated peak stresses are in considerable 
error. However, for the DCB test, where less plastic deformation occurs, the peak 
stresses are much more accurate. For example, the E27 joint strength would be 
underestimated by about 15-20%, which considering the simplifying assumptions 
made In deriving the design equations, could be acceptable. 
Thus, it may be said that these design formulae can be applied with some 
success to joints made with adhesives that exhibit similar characteristics to E27 and 
are subject to cleavage type loads. However, this Is not the sole use for these 
equations. In many instances, particularly with cyclic loads, it may be essential to 
ensure that the adhesive remains within prescribed elastic levels of stress, and the 
design formulae would be an Ideal way of achieving this. 
7.5.2 Full Non-linear Analysis Details 
The FN LA was used to determine the stress and strain distributions that were present 
In the joints used in the failure criteria test programme, at levels of load equivalent 
to their measured failure loads. 
The loading at the ends of the overlap was obtained by simple statics, and the 
material properties assumed for the aluminium of the adherends and each adhesive 
are shown In Figure 66. The extrapolated regions used in the FEM analyses, and 
modelled with the Prager approximation, are denoted in Figure 66 by the curves 
beyond the symbol on the tensile test data curves. Each adhesive was modelled in 
the FNLA using a Prager approximation to the fully extrapolated version of the 
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stress-strain curare. The parameters utilized in the improved Prager model, given by 
equation (5.48), are listed In Table 15. 
Table 15. Parameters used in material property models 
Material Adhesive Adherend 
Property 
Detail 
Permabond 
ESP105T 
Permabond 
E27 
Permabond 
VOX501 
Aluminium 
Alloy 
2014-T6 
Elastic Modulus 5739.8 2852.7 394.94 69030.6 
Plastic Umiti Modulus 407.6 210.0 3.455 650.0 
Yield Stress - - - 460.0 
Asymptotic Stress 63.0 41.5 12.5 - 
Poisson's Ratio 0.32 0.37 0.32 0.33 
Plastic Poisson's Ratio 0.47 0.47 0.47 0.47 
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Figure 66. Comparative material property curves used in the FNLA and the 
FEM analyses of the failure criteria test programme. 
All FNLA analyses converged easily, including both VOX501 shear batches, which 
failed to converge in the corresponding FEM analyses. This is partially explained by 
the slightly different stress-strain curve, shown in Figure 66, modelled with the Prager 
approximation. The FNLA stress distribution results are shown in a series of figures 
in the following sections. 
7.6 Test Programme Analysis Results Discussion 
In an attempt to establish a failure criterion or criteria that could be applied to the 
joint configurations under test in this programme, an analysis of various significant 
factors at critical points In the adhesive layer has been completed. This analysis, 
called the critical factor analysis (CFA), investigated the stress and strain levels at 
the adhesive centre-line and interface for each configuration tested. Section 7.6 
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contains discussions of the results obtained from the FNLA and the FEM analyses 
of both the mode I and mode II test configurations. Comparisons are drawn in terms 
of the agreement noted between the thick and thin adherend batches for the same 
adhesive, between the FEM and the FNLA results and between both the FEM and 
the FNLA results and the measured bulk material properties. Section 7.6.1 contains 
the mode I test analysis discussion and CFA, and Section 7.6.2 contains the mode II 
test analysis discussion and CFA. 
7.6.1 Discussion of Mode I Analysis Results 
Initially all the stress and strain results from FEM and FN LA analyses were examined, 
In total 15 factors were Investigated for each test configuration Including both the 
minimum principal and the x-direction stress and strain. A shortlist of the most 
significant factors was made, and the results of these eight factors are listed In table 
format later in this section. Separate graphs of the variation of the factors of interest 
along the adhesive overlap were plotted, and these graphs were used to isolate the 
stress or strain level most likely to contribute to the failure of the joint. In some cases 
the FEM analysis in the region of the end of the overlap, at the adherend-adhesive 
Interface, attempts to model a theoretical point of singularity. However, the finite 
elements chosen for this analysis have not been able to model this effect, even with 
the finest mesh used, which has adhesive elements of 0.0581 x 0.03125 mm mod- 
elling a glue-line thickness of 0.25 mm at the terminus. Therefore, in these cases the 
singularity effects in the last element in the overlap in the FEM have been not been 
included in the CFA 
The factors examined for the mode I test CFA were as follows: 
Adhesive y-direction direct stress (ay) 
Adhesive y-direction direct strain (ey) 
Adhesive maximum principal stress (cri) 
Adhesive maximum principal strain (el) 
Adhesive maximum shear stress (rmax) 
Adhesive maximum shear strain (ymax) 
Adhesive effective tensile stress (aef) 
Adhesive equivalent strain (eequ) 
The extent of the yielded region In the overlap (Y mm) 
Factors which were examined In the Initial graphical format, but not included in the 
CFA summary in tabulated form, include: 
Adhesive x. direction direct stress (ox) 
Adhesive x-direction direct strain (Ex) 
Adhesive xy-direction shear stress (sxy) 
Adhesive xy-direction shear stress (yxy) 
Adhesive minimum principal stress (02) 
Adhesive minimum principal strain (E2) 
General observations can be made about both the FEM and the FNLA results 
presented here. The thick adherend results are almost always shown to be greater 
than the thin adherend results. While the maximum sustainable load was consistently 
higher for the thick adherend batches, it would have been expected that if a 
maximum parameter criterion was to be proposed for quantifying failure, then at 
least some thick adherend batch results would be coincident with, if not less than, 
the corresponding thin adherend batch results. 
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Figure 67. Mode I ESPIOST stress distributions predicted by the FEM and 
the FNLA. 
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Figure 68. Mode I ESP 1051 strain distributions predicted by the FEM and the 
FNLA. 
A summary of the results from the mode i FEM meshes, and the FNLA stress and 
strain results are shown in Figures 67 to 72. The FEM results are expressed as graphs 
of stress and strain either at the adhesive centre-line or at the adhesive-adherend 
interface, and the FNLA results are plotted on the same axes along the adhesive 
centre-line. The figures included show the maximum principal stress at the adher- 
end-adhesive interface, and the maximum shear stress in the adhesive predicted by 
the FEM, and the averaged maximum principal stress in the adhesive predicted by 
the FNLA. Figures are also included showing the corresponding adhesive maximum 
principal strain, and the maximum shear strain results for both the FEM and the 
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Figure 70. Mode I E27 strain distributions predicted by the FEM and the 
FNLA. 
FNLA. Figures 67,69 and 71 show the mode I stress results for the ESP105T, E27 
and VOX501 adhesives respectively, and Figures 68,70 and 72 show the corre- 
sponding mode I strain results. 
Figure 67 shows the thick and thin adherend results for the ESP105T adhesive, with 
plots of maximum principal stress in the adhesive layer for the thin and thick 
adherend models. Note that the peak FEM levels of stress occur slightly inboard 
from the end of the adherend-adhesive interface, with a thin adherend maximum 
principal peak stress of 64 MPa and a thick adherend peak stress of 74 MPa. The 
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Figure 72. Mode I VOX501 strain distributions predicted by the FEM and the 
FNLA. 
peak FNLA results are more consistent, with thin and thick adherend peaks of 
72.5 MPa and 75.2 MPa respectively. It is noted that the maximum principal stress 
results of both the thick and thin models have similar distributions with slightly 
different stress levels along the overlap, but with very close peak stress levels. The 
distributions follow the dominant y-direction transverse stress closely, and are that 
oftypical transverse stress distributions for adherends with shear or moment loading 
at the end of the overlap. Each distribution peaks in tension near the left end of the 
overlap, falls relatively steeply inboard, goes into compression and damps to almost 
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zero stress by 10.0 mm from the end of the overlap. Also shown in Figure 67 are the 
maximum shear stress results for both thick and thin adherend models. 
It should be noted that the factors associated with mode II loading, such as the 
xy-direction shear stress and strain and the maximum principal shear stress and 
strain, are effectively zero at the adhesive centre-line. These same factors, however, 
become significant at the adhesive-adherend interface with the maximum shear 
stress reaching a level of approximately 22-24.0 MPa at the terminus, as predicted 
by the FEM. In tact the maximum shear stress and strain provide consistently close 
agreement between thick and thin adheren batches in both the FEM and the FNLA, 
although these values can not be linked directly with a critical value of maximum 
shear stress from the bulk data and are, therefore, of no real significance. 
The ESP105T strain distributions shown in Figure 68, demonstrate reasonably close 
agreement between both thick and thin adherend batches and between FEM and 
FNLA results. Overall, the maximum principal stress and strain values provide the 
best failure criteria, exhibiting dose agreement 
To assess the form of any singularity present at the adhesive terminus along the 
interface, log plots of stress versus distance were produced for various stress 
components. No singular forms were found. It can be concluded from this fact that 
the elements chosen to model this singular region were unable to model the 
necessary variation in stress, and therefore further refinement of smaller elements 
is necessary to effectively model the singularity In this region. 
The extent of yielding was assessed from the plots of the uniaxial plastic strain, 
produced by the FEM package used, and an estimate of this factor is made as part 
of the CFA. In the case of the ESP105T adhesive the thin adherend model has yielded 
at the interface approximately 1.0 mm along the overlap length, with the thick 
adherend model having yielded over approximately 1.2 mm. 
The peak modified von Mises effective stresses noted for the ESP105T adhesive are 
In the region of 48.0-53.0 MPa which is a position just Into the extrapolated region 
of the stress-strain curve, and therefore lies above the level of the experimental data. 
It is interesting to note that the adhesive Is able to sustain this apparent level of 
loading in a joint situation, while apparently unable to do so In a bulk adhesive 
specimen. 
Figures 69 and 70 show the thick and thin adherend results for the E27 adhesive 
and Figures 71 and 72 show the thick and thin adherend results for the VOX501 
adhesive. The distributions shown in these figures are similar to those described 
above for the ESP105T adhesive, but with different overall levels of stress and strain. 
The results are summarized in the CFA In Tables 16 to 18. 
The results shown in Tables 16 to 18 represent stress and strain data for the most 
refined mode I model with the mean failure load values applied as defined in 
Section 6.5.2. 
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Table 16. Mods I Critical Factor Analysis (ESP 105T) 
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Model 
Designation 
Qy 
Pa 
Ey 
(*A) 
al 
m 
Et 
(%) 
7max 
MPa 
ymax 
% 
Oran 
MPa 
Eaqu 
% 
Y 
mm 
_ PESP3 FEM 63.0 0.90 63.0 1.10 22.0 1.50 48.0 1.14 1.0 
PESP4 FEM 71.0 1.20 71.0 1.35 24.0 1.75 53.0 1.32 1.2 
Mean FEM 67.0 1.05 67.0 1.23 23.0 1.63 50.5 1.23 1.1 
t% Din FEM 5.97 14.3 5.97 9.8 4.4 7.4 4.95 7.45 9.09 
PESP3 FNLA 72.5 1.78 72.5 1.78 36.2 1.78 68.7 2.17 - 
PESP4 FNLA 75.2 2.04 75.2 2.04 37.6 2.04 71.3 2.48 - 
Mean FNLA 73.9 1.91 73.9 1.91 36.9 1.91 70.0 2.33 - 
±% Diff FNLA 1.82 6.64 1.82 6.64 1.80 6.64 1.82 6.65 - 
Table 17. Mode I Critical Factor Analysis (E27) 
Model 
Designation 
(Jy 
MPa 
Ey 
% 
Q1 
MPS 
Et 
(%) 
tmax 
MPa 
ymax 
% 
Qefl 
MPa 
Eequ 
% 
Y 
(mm) 
PE273 FEM 34.0 0.70 34.0 0.80 11.5 1.10 25.5 0.92 0.5 
PE274 FEM 40.0 0.85 40.0 1.00 14.0 1.35 30.0 1.11 0.8 
Mean FEM 37.0 0.78 37.0 0.90 12.8 1.23 27.8 1.02 0.65 
±% Ditt FEM 8.11 8.97 8.11 . 11.1 9.80 9.76 8.11 9.39 23.1 
PE273 FNLA 38.1 1.37 38.1 1.37 19.1 1.37 36.2 1.67 - 
PE274 FNLA 40.8 1.56 40.8 1.56 20.4 1.56 38.7 1.90 - 
Mean FNLA 39.5 1.46 39.5 1.46 19.7 1.46 37.4 1.78 - 
±% Diff FNLA 3.38 6.41 3.38 6.41 3.39 6.41 3.36 6.25 - 
Table 18. Mode I Critical Factor Analysis (VOX501) 
Model 
Designation 
ay 
(Mpg) 
Ey 
N 
al 
MPa 
El 
% 
Tmax 
MPa 
ymax 
% 
a. ff 
MPa 
E. qu 
% 
Y 
mm 
PVOX3 FEM 20.0 15.0 20.0 21.0 1.95 30.0 12.8 25.3 5.25 
PVOX4 FEM 21.1 20.0 21.0 23.0 2.05 33.0 13.5 41.4 7.50 
Mean FEM 20.55 17.5 20.5 22.0 2.0 31.5 13.2 33.3 6.38 
±% Difl FEM 2.68 14.3 2.44 4.55 2.50 4.76 2.66 24.3 17.6 
PVOX3 FNLA 14.6 32.4 14.6 32.4 7.31 32.4 13.9 39.4 - 
PVOX4 FNLA 15.1 4.7 15.1 42.7 7.54 42.7 14.3 52.0 - 
Mean FNLA 14.8 37.5 14.8 37.5 7.42 37.5 14.1 45.7 - 
±% Dif( FNLA 1.59 13.8 1.59 13.8 1.55 13.8 1.54 13.8 - 
There are some interesting points to note from this CFA. There is close agreement 
between factors for both the thick and thin adherend models. 
The maximum principal stresses agree closely for thick and thin models for all three 
adhesives. There is only a 5.97% difference between estimated FEM maximum 
values, and 1.82% difference between the calculated FNLA values, for the ESP1 05T 
adhesive batches. The E27 adhesive batches exhibit 8.11 % and 3.38% differences, 
and the VOX501 adhesive batches exhibit 2.44% and 1.59% differences for the FEM 
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and the FNLA analyses respectively. The maximum principal strain results again 
agree closely for all three adhesives for the FEM and the FNLA analyses. 
The maximum shear stress at the adherend-adhesive interface shows good corre- 
lation between the three adhesives. The ESP105T shows only a 4.4% difference 
(FEM) and 1.80% (FNLA), the E27 only 9.80% (FEM) and 3.39% (FNLA), and the 
VOX501 only 2.50% (FEM) and 1.55% (FNLA). 
The peak effective stress shows reasonable agreement with 4.95% (FEM) and 1.82% 
(FNLA), a11% (FEM) and 3.36% (FNLA), and 2.66% (FEM) and 1.54% (FNLA) 
differences for the ESP105T, E27 and VOX501 adhesives respectively. 
it is Interesting to note that even with a difference in failure load of approximately a 
factor of 2 for most mode I test configurations, the difference In some critical factors 
was only 1.5%. Even taking the effects of non-linearity Into account this level 
agreement can be considered dose. The non-linear effects reduce the slope of the 
stress-strain curve and therefore the stiffness of the adhesive. This reduces In- 
cremental stress and increases Incremental strain values caused by the addition of 
extra load. 
The small percentage errors that do exist in the CFA of the mode I test configuration, 
can be caused by various factors, which could Include: 
Inconsistent batches, or variation In quality between batches. 
The choice of load to be applied to the finite element models is slightly too 
arbitrary and could be made slightly less so. The application of the batch 
maximum and minimum failure loads producing a range of stress and 
strain data for analysis and comparison could be a possible alternative. 
7.6.2 Discussion of Mode 11 Analysis Results 
The results included in the CFA for the mode ll analyses differ from those plotted for 
the mode I analyses only in that the xy-direction shear stress and strain are 
considered in place of the y-direction stress and strain. This was felt to be a more 
representative factor for a mode II type of loading. 
A CFA, of a similar form to those carried out on the mode I analysis results, have 
been carried out using the results from the mode ll model analyses. They are 
summarized in Tables 19 and 20. The tables contain the maximum stress and strain 
values of certain criteria at the terminus of the adhesive-adherend interface. Unlike 
in the mode I CFA, both maximum stress and strain values anywhere in the overlap 
were considered. This was because the peak values noted did not always occur in 
the singular stress region. 
Only the FEM and FNLA results for the ESP105T and E27 adhesives are included in 
this section. This is because the VOX501 mode 11 finite element analyses did not 
successfully converge at the levels W applied (with the given material proper "Is. 
Using the material properties produced by the bulk testing of the adhesive, the finite 
element models were only able to sustain approximately 40% of the measured test 
programme load levels. This phenomenon could be partially explained by a number 
of possible factors. 
The material properties of the bulk specimen were significantly different from those 
of the adhesive when used in a joint situation. This could possibly be due to 
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FNLA. 
differences in the curing schedule necessary to produce larger cross sections 
without significant exotherm. 
The ratio between the tensile and compressive yield ratios, assumed as 1.3 for all 
the adhesives, was shown to be significantly in error for the VOX501 adhesive. 
Further FEM analyses were carried out using different values of s and some degree 
of correlation was found between this ratio and the level of sustainable load. This 
ratio is especially important when the design of the test rig is taken into account. 
Large compressive stresses are introduced into the adhesive at the ends of the 
Chapter 7 Failure Criteria Analysis Programme 
The Design of Structural Adhesive Joints Page 138 
}00 
ae 
61 
d, 
20 
c 
<^ 
5n 
_ Aýý 
ESPI05T ADHESNE 
STRESS (WPo) 
2.5 
T--", 
ý_.. 
ýýý 
- 
rompQ90 
ý 
ýýýa°ýýýiýlý''ýi. 
5 75 
DISTANCE ALONG OVERLAP (mm) 
125 
  57 FE I pR[Ci 
Q Sr ff r WCCr 
fSlrtwsRRw 
091 "" 
ASJrrwA9uR 
p si rt mu SrCra 
UryArpatCl 
5+rNIA+partI 
.. Sf ryA IIQ PM 
- 51 r1AA wr RaW 
- S5 rMA wx SCAR 
51 rRU wr WAR 
Figure 75. Mode II ESP105T stress distributions predicted by the FEM and 
the FNtA. 
iS= 9c: 
: z{ 
10 
I 
b _.. _ _ý -_ 
ý 
ý. - 
i 
_, C` ý 
2= 5 L5 
OI$? ANG`. ALONG OVERL41 (mT`. 
10 125 
 vfCrpRrtCI 
Q SM fl r pMU1 
f SJ fl wf PRAM 
IA FE WYPMM 
f S3 fl VAX SMiAP 
SA fl wx 4(M 
SJhKA1pKC' 
SM rl(A r OPEC/ 
S3 MA MAM P9M 
St frKA w) PMA 
- 53 rMU w7 SMEAR 
SArxAwrSM{Ac 
Figure 78. Mode 11 ESPi05T strain distributions predicted by the FEM and 
the FNLA. 
overlap which will effectively serve to suppress yield. However, this effect can only 
be successfully modelled if the ratio of yield stress in the compressive regime to that 
in the tensile regime is accurately known. Further testing will be required to establish 
this ratio. 
The VOX501 adhesive stress-strain curve contains virtually no linear elastic region. 
This necessitates the inclusion of a low value of yield stress in the finite element 
analysis, with a corresponding increase in computing time and error due to the extra 
non-linearity of the problem. Since both the ESP105T and E27 adhesives were both 
pappr7l 
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shown to be extensively yielded at the level of load equivalent to the failure load of 
the relevant test pied, it Is not surprising that If too Iowa yield stress value is selected 
then the whole adhesive layer will have yielded and it will be Impossible for the finite 
element analysis to converge. 
it should be noted that the FNLA was able to converge at the loads specified using 
the modified Prager fit to the same stress strain curve used by the finite element 
analysis. Because there are no FEM results to use as a comparison the mode II FNLA 
VOX501 results are also not included. Figures 75 and 76 show the mode II finite 
element stress and strain results for the adhesive semi-overlap of the ESP105T 
adhesive. Figures 73 and 74 show the mode 11 finite element stress and strain results 
for the adhesive semi-overlap of the E27 adhesive. 
Table 19. Mode 11 Critical Factor Analysis (ESP 1057) 
Model 
Designation 
Zxy 
MPa 
)'xy 
% 
Cl 
MPa 
El 
(16L 
Zmax 
(MPS) 
)'max 
(%) 
Oe}f 
MPa 
Eequ 
% 
Y 
(mm) 
SESP3 FEM 78.0 11.0 54.0 5.60 79.0 10.5 90.0 6.16 25.0 
SESP4 FEM 82.0 12.5 51.0 5.70 83.0 12.5 95.0 7.85 25.0 
Mean FEM 80.0 11.75 52.5 5.65 81.0 11.5 92.5 7.01 25.0 
*% Diff FEM 2.50 6.38 2.86 0.88 2.47 8.70 2.70 16.2 0.00 
SESP3 FNLA 66.4 20.8 32.7 6.98 83.8 22.4. 111.2 11.8 
SESP4 FNLA 55.4 13.5 25.9 4.39 72.3 14.8 95.2 7.89 - 
Mean FNLA 60.9 17.1 29.3 5.69 78.0 18.6 103.2 9.86 - 
±% Diff FNLA 9.04 21.2 11.6 22.8 7.42 20.6 7.77 19.9 - 
Table 20. Mode 11 Critical Factor Analysis (E27) 
Model 
Designation 
Iýxy 
Pa 
YxY 
% 
Q1 
MPa 
E1 
% 
tmax 
MPS 
Ymax 
% 
Qeff 
MPa 
Eequ 
(%) 
Y 
(mm) 
PE273 FEM 61.0 21.0 39.0 8.00 58.0 21.0 69.0 13.4 25.0 
PE274 FEM 55.0 20.0 37.0 6.80 55.0 18.5 66.0 12.3 25.0 
Mean FEM 58.0 20.5 38.0 7.40 56.5 19.75 67.5 12.9 25.0 
±% Diif FEM 5.17 2.44 2.63 8.11 2.65 6.33 2.22 4.35 0.00 
PE273 FNLA 37.3 18.0 17.8 5.94 48.0 19.6 63.4 10.4 - 
PE274 FNLA 35.8 15.8 17.2 5.23 45.8 17.1 60.6 9.08 - 
Mean FNLA 36.5 16.9 17.5 5.58 46.9 18.4 62.0 9.74 - 
±% Diff FNLA 2.05 6.63 1.60 6.34 2.33 6.74 2.26 6.82 - 
It should be noted that the peak maximum principal stress values (ai) and the 
corresponding peak maximum principal strain values (ei), occur inboard in the 
adhesive overlap and not at the end of the joint as with the other factors considered. 
Another Interesting point to note from the CFA of the mode II finite element results, 
In contrast to the results from the mode I analyses, is that the thicker adherend 
results are not always higher than the thinner adherend results. In fact the converse 
is true for the E27 adhesive with the thin adherend results being consistently higher 
than the thick adherend results. 
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The maximum shear stress levels for both adhesives could be used as a possible 
failure criterion, however, it is not possible to correlate the results of this parameter 
with the bulk property data, so Its usefuliness Is limited. 
The maximum principal stress results, although consistent, have not reached the 
same overall high levels as had the mode I test configurations locally at failure. For 
this reason an alternative criterion was Investigated. The level of yield In the adhesive 
overlap was quantified and Is shown In the final column In Tables 19 and 20 In the 
summary of the CFA. The yield in the adhesive overlap along the Interface Is shown 
for both the thick and thin ESP105T and the thick and thin E27 adhesives to have 
extended over the whole of the overlap length. 
The small percentage errors that do exist in the CFA could be due to various factors. 
In addition to those listed in Section 7.6.1 for the mode I test configuration, the 
following factor may also be significant. The differences In material properties 
applied to the finite element models from those occurring In practice. The main error 
noted here is due to the assumption that all hydrostatic ratio values, s, are assumed 
to be 1.3. It is supposed that this assumption was not valid for adhesive VOX501 as 
the load applied In the test programme could not be reached in the finite element 
analysis of the mode Ii joint configurations. The effect of this hydrostatic ratio 
constant is especially important in the mode ii test pieces due to the large values of 
compressive transverse stresses present at the ends of the overlap causing yield at 
these positions to be suppressed. 
The adhesive stress state in the adhesive layer for thick and thin adherend batches 
for both E27 and ESP105T adhesives is virtually identical. This could imply an energy 
criterion to quantify failure, and further work is required to assess the energy levels 
In the different joint configurations at failure. 
A more useful measure of failure can be applied to the mode II test results. Careful 
examination of the graphs of the stress and strain results reveals that at the failure 
load of the adhesive joint all of the overlap has yielded. The finite element results 
reveal an uninterrupted path of yielded adhesive along the whole length of the 
overlap. This path through the adhesive is of a sufficiently high level of strain to put 
it consistently on the flatter portion of the stress-strain curve to make further load 
carrying capacity impossible. With the load sustaining capacity of the adhesive 
completely halted at this point, and with any significant Increase In load causing total 
failure of the joint, the stress state at this level of yield can be used to quantify failure. 
This proposal requires a certain amount of further work to establish it fully, but Initial 
results from work carried out by Crocombe and Evans [29] and Crocombe [55], has 
shown similar levels of yield at loads equivalent to the failure load of the joint. It is 
therefore proposed that since a'global yielding' parameter has been reached before 
the maximum principal stress criterion level has been sustained then this alternate 
criterion Is more suitable to predict joint failure for the mode II joint configuration. 
7.7 General Discussion and Conclusions 
The following conclusions can be drawn from the programme of analysis presented 
in this chapter of the thesis: 
Mode I failure criterion: 
t. Successful FEM and FNLA analyses were completed at failure load levels for 
all mode I batches. 
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2. The maximum principal stress has been shown to be the best criterion to 
quantify failure for the mode I test batches. The FEM results show close 
agreement, and the FNLA shows excellent agreement, with a maximum dif- 
ference between thick and thin batches of 3.38%. 
3. The E27 adhesive shows close agreement between the FEM and the FNLA 
analysis results, and also both analyses predict failure stresses at levels ap- 
proaching those of the measured bulk adhesive data at unlaxlal stress le- 
vels of 40-45 MPa. 
4. The ESP105T adhesive shows similar close agreement between batches, 
and with the extrapolated data used In the analyses. It should be noted 
that the stress levels predicted by the bulk ESP105T data, collected as part 
of this research, was exceeded by both thick and thin adherend batches. 
5. The VOX501 adhesive, showed less close agreement than the first two ana- 
lyses, but problems with the adhesive modelling will account for this. 
Mode 11 failure criterion: 
1. Suoul FEM and FNLA analyses were completed at failure load levels for 
all ESP105T and E27 mode II batches. The VOX501 batches would not sus- 
tain the required load levels in the FEM analyses, although the FNLA con- 
verged easily. Problems in matching the adhesive stress strain curve 
accurately will account for this Inconsistency. The model used for the 
FNLA allowed a significantly higher level of energy to be sustained by the 
VOX501 adhesive. 
2. The stress levels In the mode II test configurations are overall higher than the 
mode I configurations but the same maximum levels have not been 
reached. Therefore, the maximum principal stress criterion proposed for 
the mode I configurations cannot be used here. 
3. It is noted that at the failure load for both of the ESP1 05T and E27 adhesives 
the stress level in the joint has exceeded yield by some margin. A path of 
yielded adhesive is present along the joint overlap. This is shown by exam- 
ining the modified von Mises effective stress distributions. The yielded path 
is at a stress level which is consistently on the flatter part of the adhesive 
stress-strain curve where no significant further load can be sustained. 
4. This 'global yielding' is proposed as a failure criterion for the mode II configu- 
ration as the maximum principal stress level has not been reached. Further 
work is required to assess if the maximum principal stress criterion will be 
valid if a yield path did not exist. 
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8. CONCLUSIONS 
The foilowrinp conclusions are drawn from the separate analyses presented in this 
thesis: 
t. Simple two parameter design formulae (SPA and SSA): 
- allow the rapid assessment of possible joint configurations at an early stage 
in the design process; 
- give accurate peak joint transverse direct and shear stresses; 
- assumes linear elastic material behaviour; 
I Linear elastic design analysis facility (GEA): 
- considers general Joint configurations; 
- assumes linear elastic material 
behaviour; 
- implemented using a spreadsheet package; 
- allows the consideration of general joint configurations; 
3. Non-linear adhesive design analysis facility (NLAA): 
- allows the consideration of general 
joint configurations; 
- assumes non-linear adhesive behaviour; 
- produces continuous results over the length of the overlap, which is not split Into separate elastic and plastic portions; 
- uses a continuous mathematical model for the stress-strain curve, which improves the accuracy of the results over a simplified approach; 
- runs on a computer; 
- much quicker than the FEM, and the memory and computer storage 
requirements have been shown to be much less; 
- gives averaged adhesive stress result values; 
- the NLAA agrees well with non-linear 
FEM analyses of similar joint configu- 
rations, and has been used to good effect to demonstrate the effects of 
varying the glue-line thickness of the single-lap joint; 
- the NLAA would 
be of particular use to the design engineer if the strength 
of a bonded joint could be expressed in terms of an ultimate parameter in 
the adhesive layer; 
4. Full non-linear design analysis facility (FNLA): 
- allows general 
joint configurations to be analyzed; 
- assumes both adherend and adhesive non-linearity; 
- the FNLA allows continuous modelling of the stress state in the adhesive 
layer with both transverse and shear components of stress contributing to 
the yield of the adhesive, and with the non-linear effects of both modelled; 
the stress state assumed in the adherends is shown to have a significant 
effect on the stress and strain results in the adhesive, and the choice of 
plastic Poisson's ratio is shown to be significant; 
the FNLA has a longer execution time than the NLAA, but it is still much 
quicker than the FEM, and the computer memory requirements are still less; 
proves a useful tool in predicting non-linear joint behaviour, with accurate 
prediction of the stress state in both the adhesive and the adherends; 
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- some problems noted when using the analysis 
in a highly stressed adherend 
with a relatively stiff adhesive layer, as the assumption of a linear distribution 
of strain across the adherend does not remain true; 
- more consistent results are noted with the FNLA than with the 
FEM in the 
analysis of the failure criteria study; 
The failure criteria study presented in Chapters 6 and 7 has yielded the following 
cordusions: 
1. Fallure c riterh test programme: 
- various joint configurations were tested to 
failure under mode I and mode II 
loading; 
reasonable consistency In the results were noted between separate test 
pieces in Individual batches; 
2. Failure criteria analysis programme: 
each test configuration was analyzed to Its corresponding failure load and 
the results scrutinized; 
a reasonable degree of accuracy was noted for a range of possible failure 
criteria; 
close agreement was noted between the stress and strain levels in the 
analyzed joints and the measured bulk material property data; 
analysis of the mode I test configurations showed that maximum principal 
stresses could be used to predict joint strength to within ±4%, and close 
agreement is noted with bulk data; 
mode 11 test batches show good correlation using the maximum principal 
stress in the joint, but there is poor agreement with measured bulk data; 
the best mode 11 strength prediction Is found using a 'global yielding' 
approach, where failure Is said to occur when an uninterrupted path of 
yielded material passes through the whole length of the overlap; 
no convergence was noted for the most ductile adhesive material, because 
of problems with the modelling of the hydrostatic effects; 
During the course of the research, many possible areas for further work have been 
suggested. These include: 
1. Extending the FNLA to Include: 
- shear deformation 
In the adherends, to allow for the non-linear variation in 
strain across the depth of the adherends; 
-a more accurate variation 
in stress across the adhesive layer; 
the provision of a less curvature-dependent analysis method to yield the 
strain distribution as a function of applied load In the adherend; 
-a more efficient solution algorithm, 
for producing the adherend equilibrium; 
-a more realistic 
FEM model of a bonded joint in the vicinity of the adherend- 
adhesive interface is required to remove possible artificial stiffening effects; 
2. improvements to the failure criteria study: 
Improve the consistency of the test batches, by controlling manufacture 
more closely, and increase the number of test pieces in each batch; 
include different parameters in the Critical Factor Analysis, such as energy 
criteria and fracture mechanics intensity values; 
- more work is required in investigating the use of the hydrostatic stress state in the adhesive, as poor convergence was noted for extremely ductile 
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adhesive materials, and the difference in compressive and tensile behaviour 
was felt to play a large part in this; 
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APPENDIX A 
FAILURE CRITERIA TEST 
PROGRAMME RESULTS 
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Table A-1. Test Programme Mode I Results (Thin Adherends) 
Batch 1: PESP3 Batch 2: PE273 Batch 3: PVOX3 
Test 
Piece 
Number 
Failure 
Load 
Test 
Piece 
Number 
Failure 
Load 
kN 
Test 
Piece 
Number 
Failure 
Load 
kN) 
133 0.670 103 0.410 074 1.032 
1341 0.408 1042 0.308 076 0.876 
135 0.726 106 0.463 078 0.834 
136 0.711 1072 0.293 0793 0.429 
137 0.696 112 0.345 0864 0.774 
138 0.672 115 0.468 0874 0.702 
139 0.690 116 0.418 088 1.098 
140 0.690 117 0.424 0894 0.702 
141 0.606 119 0.312 090 0.909 
142 0.618 120 0.374 092 0.909 
1431 0.306 1242 0.300 094 1.050 
1441 0.306 1272 0.281 095 0.876 
1451 0.384 129 0.367 096 0.831 
146 0.726 1302 0.233 100 0.984 
132 0.324 101 0.810 
Table A-2. Test Programme Mode I Results (Thick Adherends) 
Batch 4: PESP4 Batch 5: PE274 Batch 6: PVOX4 
Test 
Piece 
Number 
Failure 
Load 
kN 
Test 
Piece 
Number 
Failure 
Load 
kN 
Test 
Piece 
Number 
Failure 
Load 
kN 
1635 1.080 037 0.768 033 1.752 
164 1.400 0382 0.678 035 1.680 
165 1.434 0392 0.534 036 1.632 
166 1.410 0402 0.675 043 1.548 
167 1.392 0412 0.684 044 1.572 
168 1.404 042 0.696 049 1.728 
169 1.362 064 0.723 051 1.668 
170 1.236 065 0.798 053 1.656 
171 1.300 0662 0.645 054 1.650 
172 1.248 067 0.738 058 1.866 
173 1.170 068 0.828 060 1.848 
174 1.303 069 0.774 061 1.768 
175 1.344 070 0.849 062 1.716 
176 1.212 071 0.762 063 1.984 
177 1.458 072 0.732 
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Table A-3. Test Programme Mode 11 Results (Thin Adherends) 
Batch 7: SESP3 Batch 8: SE273 Batch 9: SVOX3 
Test 
Piece 
Number 
Failure 
Load 
kN 
Test 
Piece 
Number 
Failure 
Load 
kN 
Test 
Piece 
Number 
Failure 
Load (kN) 
148 24.19 105 18.53 193 16.28 
149 23.55 108 18.14 194 15.28 
150 22.74 109 18.56 1957 10.67 
151 23.15 1106 15.74 196 15.97 
152 22.56 1116 14.35 197 16.28 
153 25.18 113 18.16 198 15.49 
154 23.15 114 17.96 199 14.86 
155 22.13 118 17.74 200 15.88 
156 23.91 121 18.54 201 7 12.26 
157 24.34 1226 11.35 
158 24.32 123 17.88 
159 23.47 1256 12.31 
160 26.03 126 18.35 
161 25.73 128 17.54 
162 25.73 
Table A-4. Test Programme Mode II Results (Thick Adherends) 
Batch 10 : SESP4 Batch 1 1: SE274 Batch 12: SVOX4 
Test 
Piece 
Number 
Failure 
Load 
kN 
Test 
Piece 
Number 
Failure 
Load 
kN 
Test 
Piece 
Number 
Failure 
Load 
(kN) 
1798 20.6 00810 14.01 0056 11.4 
180 22.2 009 20.16 0066 11.7 
182 26.7 010 11.35 016 16.9 
183 24.4 011 20.97 017 16.9 
184 26.7 01210 13.01 018 16.1 
185 23.9 013 20.29 019 16.1 
186 25.8 014 17.06 020 16.9 
187 25.8 015 17.54 021 15.0 
1889 22.2 025 21.78 031 16.1 
189 28.9 26 20.48 32 16.9 
1906 22.1 27 20.47 456 14.4 
28 19.97 476 12.5 
29 17.76 48 15.6 
30 18.66 50 15.8 
Appendices 
The Design of Structural Adhesive Joints Page 155 
Notes: 1. Failure load not in upper quartile range. 
2. Greater than 80% apparent Interfacial failure 
- unsatisfactory for E27. 
3. Greater than 40% apparent interfacial failure 
- unsatisfactory for VOX501. 
4. Failure load not in upper half of range. 
5. Greater than 15% apparent interfacial failure 
- unsatisfactory for ESP105T. 
6. Test coupon not loaded centrally in test rig. 
7. Poor bonding - approximately 40% unbonded. 
8. Test rig jammed due to rubber Insert. 
9. Test piece not bonded squarely. 
10. Test machine Incorrectly calibrated. 
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APPENDIX B 
TEST COUPON FAILURE SURFACES 
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Plate B-1. Failure surface Batch PESP4 (No. 166, Failure Load 1.41 kN). 
Plate B-2. Failure surface Batch PE273 (No. 116, Failure Load 0.418 kN). 
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Plate B-3. Failure surface Batch PVOX3 (No. 74, Failure Load 1.032 kN). 
Plate B-4. Failure surface Batch SESP4 (No. 182, Failure Load 26.7 kN). 
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Plate B-5. Failure surface Batch SE273 (No. 108, Failure Load 18.14 kN). 
Plate B-6. Failure surface Batch SVOX4 (No. 17, Failure Load 16.9 kN). 
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